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On the boundary value problems of the dynamical theory of the generalized

two-dimensional couple-stress thermoelasticity solved in quadratures
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Abstract:
We have considered the basic dynamical homogeneous system of partial differential

equations of generalized Green-Lindsay couple-stress  thermoelasticity on the plane for
homogeneous, izotropic elastic media with the centre of symmetry. We have constructed
regular solution of the  boundary   problems   on the line.In the works  are obtained in
quadrates the solutions of the following boundary-value problems of the generalized Green-
Lindsay theory of couple-stress thermoelasticity :

1. On border of area are given: the component of normal of displacement vector, the
component of touching of voltage vector, rotations and flow of heat.

2. On border of area are given: the components of normal voltage vector and the
couple-stress, the component of touching of displacement vector and heat.

Keywords: couple-stress, thermoelasticity, boundary value, izotropic, quadratures,
fundamental solutions.

The   basic  dynamical homogeneous system of partial differential  equations of
generalized Green-Lindsay couple-stress  thermoelasticity on the plane for homogeneous, izotropic
elastic media with the centre of symmetry has the form [1]
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Where, ( )21,υυυ = is displacement vector, 3υ _is characteristic of the rotation; _ 4υ is the

temperature variation; ( )21, xxx =  is the point of the twodimensional Euclidean space 2_ R , t is the

time, ∆-is the twodimensional Laplacian operator. ηγβναλµς ,,,,,,,,, I�∂ -Constants whoch satisfy
the following condition  [1]:

.0,0,0,0,0,0,023,0,0 >>>>>∂>>+>> η
γβναµλµς I�

10 ,ττ -The constants of relaxations [1]: .001 >≥ ττ
With the first system we discuss (interesting from the practical point of vew) the following case
about which depend on the t (time).
Along with (1) we shall consider some possible (nteresting from practical point of view) cases when

( ) 4,1,, =ktxkυ  depends on the time t:
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k the general dynamical case (representation by

the Laplace-Mellin integral).   The system    (1) in both cases towards the vector
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1443,,

xk
T uuuuU comes to the following form:
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For the component  voltage vector  and the couple-stress  we have:
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Let now:

( ){ }−≥∈=≡ 0,, 2
2

21 xRxxxD is hemi- plane .

Now,  we   consider the regular value ( )
1443,,

xk
T uuuuU ==  in the D of   the  boundary

problems   for the system(2), on the line 02 =x  :

problem IV: On border of area are given: the component    of normal of displacement vector, the
component of touching of voltage vector, rotations and flow of     heat:
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problem V: On border of area are given: the components    of normal voltage vector and  the
couple-stress , the component of touching of displacement vector and      heat:
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Where, ( ) ( ) 4,1, 11 =jxx jj ψϕ   -is the function given   on the line 02 =x .

 With  the condition of the problem IV on the line 02 =x ,   we  get:   −
∂
∂
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x

rotu
2
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following equations:
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 from the   equations (3) of the system (2) ,we get:
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where, 0_, 265 =xϕϕ - is given  of function on the line 02 =x .

 With  the condition   of the problem V on the line 02 =x ,   we  get: [ ] −
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where, ( ) _)01,5(,1
���=jxjψ  is given  of function on the line 02 =x .

Same time ,  with (2) force ,  the vector  ( )4,udivu -is  the solution for the Neiman’s problem  in the
space D :
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The  problem   is   solved in quadratures [2].
the vector - ( )3,urotu  is  the solution for the Dirixle’s problem  in the  space D :
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The problem is solved  in quadratures[1].
 Thus,  the boundary value problem IV   comes to the boundary value problems for the systems  (4)
and (5) ,     in the following form,on the line 02 =x   :
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problem B:       ( ) ( )13315 , xuxrotu ϕϕ ==
   with the solutions of  the problems  A and B it is possible to construct the solution of  the problem
IV in quadratures.
 Really, let the problems A and B have  the solutions
Let’s discuss the plots   to the  first equation  of the system (2) on the axes:  x1 and x2  ,    we have:
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The problems (6)-(9) are solved in quadratures.
   The formula of  the solution  for  to  problem (6) will give the following form:
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The formula of the solution for  to  problem (8) will give the following form:
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Thus,  the boundar y value problem V   comes to the boundary value problems for the systems  (11)
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problem C:  ( ) ( )14416 , xuxdivu ψψ ==

problem D: ( ) ( )18
2

3
17

2

, x
x

u
xrotu

x
ϕϕ =

∂
∂

=
∂
∂

To solve the problem IV (the problem V-solving similarly):
Let’s rewrite the system (4) in the following form:

( ) ( )120, =∂ υτxL

where, ( )21,υυυ =  is vector, 421 , udivu == υυ ,

( )
( )

( )21

2

,

2

′
∂

−∆−

∆−−∆+
=∂

τ

τ

τητ

γςτµλ
τ

�

xL

           For the  determinant   of the Matrix ( ),,τxL ∂  : we  have:

( )[ ] ( ) ( )

( ) ( ) ( )( )( )2
2

2
1

3
22

3
222

222

222

λλµλςτητγςτµλτµλ

ητγςτςτµλτµλητγτςτµλ

τ
τ

τ

τ
ττ

τ
τ

+∆+∆+=
∂

+∆�
�

�
�
�

�
+++

∂
−∆+=

=∆−
∂

+−∆+
∂

−∆+=∆−�
�

�
�
�

�

∂
−∆−∆+

��

���

 Where,



Georgian Electronic Scientific Journal: Computer Science and Telecommunications #2-2004

13

( ) ( )13
2

3

,
22

2
2

2
1

2
2

2
2

1

µλ
ςτλλ

µλ
ητγ

µλ
ςττλλ

τ

τ

τ

+∂
=⋅

+
+

+
+

∂
=+

�

�

Let’s discuss the vectors:  ( ) ( ) ( )( ) ( ) ( ) ( )( ) ( )14,,, 2
2

2
1

21
2

1
1

1 υυυυυυ ==
Where,

( ) ( )

( ) ( ) ( )[ ] ( )152,

,

22
2

2
1

1
2

1
1

ϕςτµλυϕγυ

ητϕυϕτυ

τ

τ

−∆+=∆−=

−=��
�

�
		



�

∂
−∆=

�

ϕ -is researching scalar function.
If scalar ϕ - satisfy the following condition:

( )( ) ( )1602
2

2
1 =+∆+∆ ϕλλ

then, the vectors:  ( ) ( ) ( )( ) ( ) ( ) ( )( ) −== 2
2

2
1

21
2

1
1

1 ,,, υυυυυυ are the solution of the system (12).
From the system(16) we get:

( ) ( ) ( )�
=

=
2

1

1
0 ,,

k
kk xHax λτϕ

where,  ( ) ( )xH kλ1
0  are Hunkel functions (the first knd the zero row), −ka are constants which

satisfies the following conditions:

( )�
�

�

�
�

�

�

+
=

=

�

�

=

=

2

1

2

2

1

22

0

k
kk

k
k

i
a

a

µλπ
λ

  Then,  2th rows ( )−τϕ ,x partial production close to zero area have speciality of  −xn� form:

( )
( )( )

( ) ( ) ( ) ( ){ } ( )17
2

2
, 2

1
01

1
02

2
2

1

xHxH
i

x λλ
λλµλπ

τϕ −
−+

=

where,  2
2

2
1 xxx +=

  After the putting system (17) in the system(15),we get:

( )

( )( )
( ) ( ) ( ) ( ){ }

( )( )
( ) ( ) ( ) ( )

�


�

�
�
�

��
�

�
		



�

∂
++��

�

�
		



�

∂
+−

−+

=−
−+

⋅��
�

�
		



�

∂
−∆=

xHxH
i

xHxH
i

2
1

0
2

21
1

0
2

12
2

2
1

2
1

01
1

02
2

2
1

1
1

2

2

2

2

λτλλτλ
λλµλπ

λλ
λλµλπ

τυ

ττ

τ

��

�

so, we obtain:



Georgian Electronic Scientific Journal: Computer Science and Telecommunications #2-2004

14

( )

( )( )
( ) ( ) ( ) ( )

( )

( )( )
( ) ( ) ( ) ( ){ }

( )

( )( )
( ) ( ) ( ) ( ){ }

( )( )
( ) ( ) ( ) ( ){ }

( ) ( )[ ]
( )( )

( ) ( ) ( ) ( ){ }

( ) ( )
( ) ( ) ( ) ( )

��

�


�

��

�
�
�

�
�

�

�

	
	




�

+
+−

�
�

�

�

	
	




�

+
+

−+
=

=−
−+

⋅−∆+=

−
−+

⋅=

=−
−+

⋅∆=

−
−+

⋅=

�


�

�
�
�

��
�

�
		



�

∂
+−��

�

�
		



�

∂
+

−+
=

xHxH
i

xHxH
i

xHxH
i

xHxH
i

xHxH
i

xHxH
i

1
1

0

2
2

12
1

0

2
2

22
2

2
1

2

21
1

01
1

02
2

2
1

22
2

2
2

1
0

2
21

1
0

2
12

2
2

1

1
1

02
1

02
2

2
1

2
1

1
1

02
1

02
2

2
1

1
2

1
1

0
2

12
1

0
2

22
2

2
1

1
1

222

2

2

2
2

2

2

2

2

2

2

2

2

λ
µλ

ςτλλ
µλ

ςτλ
λλµλπ

λλ
λλµλπ

ςτµλυ

λλλλ
λλµλπ

γ

λλ
λλµλπ

γυ

λλ
λλµλπ

ητυ

λτλλτλ
λλµλπ

υ

τ

τ

τ

ττ ��

Let’s construct matrixes of fundamental solutions for system (12):

( )
( ) ( )

( ) ( )2
2

1
2

2
1

1
1,

υυ
υυ

τ =Φ x

where,

( )
( )( )

( )

( )
( )18

22

2

2
,

1

2
2

12

2
2

221

2
2

21
2

11
2

12
2

2

2
2

2
1 β

µλ
ςτλβ

µλ
ςτλββητ

βλβλγβτλβτλ

λλµλπ
τ

τ
ττ

��
�

�
		



�

+
+−��

�

�
		



�

+
+−−

−��
�

�
		



�

∂
+−��

�

�
		



�

∂
+

−+
=Φ

��i
x

where,    ( ) ( ) 2,1,1
0 == kxH kk λβ

Let’s construct  the conjugate operator :

( )
( )

( )19
2

,
~

2

τ
τ

τγ

ητςτµλ
τ

�∂
−∆∆−

−−∆+
=∂xL

(19) Is identical    of the transpose matrixe ( )τ,xL ∂ .

 Let,   ( )21,υυυ =  and  ( )−= 21
~,~~ υυυ are  regular vectors  in the space 2RD ⊂+ bounded by closed

line   � .
Let’s use Green’s formula:

( ) ( ) ( )�� −=−
+ �

� 20~~~~~~
dTTdxLL TtT

D

TtT υυυυυυυυ

where,

                 

( ) ( )

( ) ( )22
~~

,
~

2~~

21,,2

211

221

�
�

�
	



�

∂
∂

+
∂
∂

−
∂
∂

+=

�
�

�
	



�

∂
∂

∂
∂

−
∂
∂

+=

nnn
T

nnn
T

υυγυµλυ

υυγυµλυ

τ

τ

 where,    T-is transpose operator,



Georgian Electronic Scientific Journal: Computer Science and Telecommunications #2-2004

15

      ( )
( )

( )
( )

nn

nnT

n

nnnT

∂
∂

∂
∂−

∂
∂+

=∂

∂
∂
∂
∂−

∂
∂+

=∂

τ

τ

τ

τ

γ

µλ
γ

γµλ
γ

02
,

~
,

0

2
,

we get the formula of representation of regular solution ( )xυ :

( ) ( ) ( ) ( ) ( )[ ] ( ) ( ) ( ) ( )23,,
~~

,22 dyyLyxdyyxTdyTyxx
D

y

T

y ���
+

−Φ−−Φ−−Φ=+ υτυτυτυµλπ ��

��

where,     ( )τ,~
xΦ  is fundamental solutions for  operator ( )τ,~

xL ∂  ,
We have:

( ) ( )ττ ,,
~

yxyxT −Φ=−Φ
Let’s  consider the potentials:

( ) ( ) ( )� −−Φ=
�

�ydyyxxV ϕτϕ ;; the potential of  the simple layer,

( ) ( ) ( )[ ] ( )� −−Φ∂=
�

�y

T
dyyxnTxW ψτγψ ;

~
,

~
;  the potential of  the double layer .

Problem   A.   Construct   the  regular  solution  of  system  ( ) ( ) 0, =∂ xxL υτ  on the  plane 02 ≥X ,

which satisfy on the line  02 =X  the folloving condition:
( ) ( ),
2

zf
x

z =
∂

∂υ

where,      ( )21, fff = -is  vector-function bounded in the   infinite.
Let’s represent   the solution of problem by the simple potential:

             ( ) ( ) ( ) ydyyxxV �
+∞

∞−

−Φ= ϕτϕ ;;

   For   ( )−yϕ  we get:

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )24
2

;,2
2

21

f

ff
zFydyyznTz τ

τ

λµλ
ϕτγϕµλπ

−+
≡=−Φ∂++ �

+∞

∞−

  On the plane  we heve:        ( ) ( ) ( )420;, ′=−Φ∂ τγ τ yznT

    With (24’)  force  in the (24) we get:

( ) ( )
( )µλπ

ϕ
2+

= zF
z

and   we get:

( ) ( ) ( ) ( ) ( )25;
2

1
ydyFyxx �

+∞

∞−

−Φ
+

= τ
µλπ

υ

  The recived  solution is unique.
 Really, let the  similarity  problem A  have  the solution ( ) ( )x0υ  ,then with (23) force we heve:

( ) ( ) ( ) ( ) ( ) ( ) ( )26;22 00 ydyTyxx �
+∞

∞−

−Φ=+ υτυµλπ

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ydyTyzTzT zn�
+∞

∞−

−Φ∂=+ 00 ;,2 υτγυµλπ τ

With (24’)  force  in the (26) we get:  ( ) ( ) 00 =xυ
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Let’s rewrite the system (5) in the following form:
( ) ( )270, =∂ hxM τ

where, ( )21,hhh =  is vector, 321 , uhrotuh == ,

( ) ( )
( ) ( ) ( )72

42

2
,

2

2

′
+−∆+

∆−−∆+
=∂

ταβνα
αςταµ

τ
I

xM

  The system(27)-solving  similarly of system   (12).
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