Georgian Electronic Scientific Journal: Computer Sciences and Telecommunication #1-2002

Holonomic Quantum Computing and Noncommutative Geometry

Zakaria Giunashvili
A. Razmadze Mathematics I nstitute Georgian Academy of Sciences, Department of Theoretical Physics,
Aleksidze <. 1, Thilisi 380093, Georgia;
Georgian Technical University, Department of Applied Mathematics.

Abstract

We investigate the notion of computability from the point of view of Quantum Computation. A
guantum agorithm for the holonomic Quantum Computation is considered from the point of view
of connection in the differential fiber bundle over the parametrized space of controls and the graph
(in the case of discrete algorithm). The noncommutative differnetial geometric approach to the
guantum computation process is considered as a special case of the holonomic Quantum
Computing, which alows to involve in the model of holonomic QC the classica computing (finite
state machine) too.

1. Introduction

The application of quantum physical principles to the field of computing leads to the concept of the
guantum computer, in which datais stored not as bits in conventional memory, but as the combined
guantum state of many 2-state systems of qubits.

In this chapter we introduce the theoretical foundations, and basic concepts of a quantum computer
and several models of quantum computation.

The basic idea of modern computing is the view of computation as a mechanical, rather than a
purely mental process. A method, or procedure P for achieving some desired result is called
effectivein case when [1]:

1. Pissetoutintermsof afinite number of exact instructions each of which is expressed by
means of afinite number of symbols;

2. Pwill, if proceeded without error, aways produce the desired result in a finite number of
steps,

3. P can be carried out by a human being without aid of any machinery save paper and pencil;
4. Prequiresno insight or ingenuity on the part of the human being carrying it out.

Alan Turing and Alonzo Church formalized the above definition by introducing the concept of
computability by Turing machine and the mathematically equivalent concept of recursive functions
with the following conclusions:

Turing sthesis: Logical computing machines (Turing machines) can do anything that could be
described as purely mechanical [2].

Church’sthesis: A function of positive integersis effectively calculable only if it isrecursive [3].

The above statements are equivalent, and therefore, they are commonly referred to as the Church-
Turing Thesis which defines the scope of classical computing science.

Despite its operationalistic approach, the above computability concept doesn’t have much in
common with the continuous nature of physics, so to construct a computing machine M, we have to
introduce alabeling function m which maps the analog physical states (e.g. the tension of a
capacitor) to digital computational states (e.g. the value of abit). The digital states have to be
strings over some finite alphabet A.

53



Georgian Electronic Scientific Journal: Computer Sciences and Telecommunication #1-2002

Since the above definition of computability requires afinite number both, symbols and instructions,
the labeling function only needs to apply on discrete intermediate machine states S(t, ), S(t,), ..., SO

the temporal evolution of the machine state S(t) is mapped onto a sequence of computational states
{s,,S,,...8,} Where each transition s + s, correspondsto onefunction I : A" -~ A" froma

enumerable set from a enumerable set | of simple instructions. The sequence of such functions
P={l,1,..1,,} iscaled program.

The states s, and s, are called the input and the output states. The machine M =(S, m, A, P)
thus implements the function

F(8) = (Ipelyomol,,)() With s, =m(S(0) DA,

The above definition of a computing machine poses strong restrictions on the interpretation of
physical states. If we consider computation as a physical process, rather than a“mechanical”
manipulation of symbols as defined above, we can drop al restrictions in the definition which don’t
have a physical equivalent.

Asit iswell-known, in quantum mechanics, the measurement of an observable O corresponding to
aHermitian operator O isonly deterministic, if asystemisin an eigenstate of the operator O.
Following from the stochastic nature of quantum measurement, the labeling function m should be
replaced by a probabilistic operator M :H — A" which randomly chooses a string s according to

some probability distribution J,, :s - [0, with 33, (s) =1.

Sinceit is not possible to non-destructively measure a quantum system and we are only interested in
the result of a computation, it is not necessary that alabeling is defined for the intermediate steps of
acomputation, i.e. it is not required to “watch” the temporal evolution of the system, aslong as a
labeling for the input and output state is given.

While the transitions between the states S and S, still have to correspond to some operators U,
from a enumerable instruction set of quantum transformations, the operators U, don’'t haveto

directly correspond to functionson A" (because of the reversibility of unitary operators, adirect
correspondence would only be possible for bijective functions f: A" - A").

The temporal evolution of a guantum system is mathematically described by unitary operators, and
therefore, a quantum program P ={U,, U,, ... ,U,_,} isacomposition of elementary unitary
transformations.

Components of a Quantum Computer
Now, let us briefly describe the components of a Quantum Computer.

A classical, as well as a quantum computer, essentialy consists of the following 3 parts. a memory,
which holds the current machine state, processor, which performs elementary operations on the
machine state, and some sort of input/output system, which allows to set the initial state and,
somehow, extract the final state of the computation.

Quantum memory. The quantum analogue of the classical unit of information (bit) is the quantum
bit or asit isreffered in the modern quantum computing literature, qubit. Just asaclassical bitis
represented by a system which can adopt one of two distinct states “0” and “1”, we can define a
guantum bit as follows: aqubit or quantum bit is a quantum system whose state can be fully
described by a superposition of two orthogonal eigenstates labeled by [0> and |1>.
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After this, the genera state |¢/) OH of aqubit can be given by the linear combination of the above
basic vectors |¢) =a |0) + 4|1 with the condition |a |* +| B[F=1. The value of aquantum bit can
be considered as a Hermitian operator N |i) =i |i) over the Hilbert space H = C?, or in matrix

representation
00
N =

The expectation value of the observable N is given by the following expression

. (0 O
<N>=<I/IIN|¢/>=(aﬂ)(O J@:w

Therefore, the value (N) givesthe probability to find the system in state |1) if ameasurement is
performed on the qubit.

If we combine two qubits, we obtain a4-dimensional Hilbert state with basis consisting of the
vectors |00), |10), |01y and |11) . Consequently, the general state of the resulting system is

@ =al00)+B110)y|0D+5 1) with |a P +|BF +|y[ +|5F=1

While the state of a classical computer can be given as the distinct states of al bitsin memory and
processor registers, the “state of aqubit” isameaningful term, if the machine state is the combined
state of more than one system. So, we can state that: the machine state of an n-qubit quantum
computer isthe current state of a combined system of n identical qubit subsystems.

Generally, the machine state of an n-qubit quantum computer is given by

ly) = cho“.dm1 |d,...d, ;) with )| Cs . [F=1

(dg...dpy)OB" (dg-..dy 1) OB"

Thus, the combined Hilbert space H is the tensor product of n 1-qubit Hilbert spaces:
H=HOHO---OH=C”

The eigenvectors |d,---d,_;) can beinterpreted as binary numbers, with d, asleast significant
digit. So, the general machine state can be written as

2"-1

|y = c |i) with [i) =|dy +2d, +---+2""d, ;) =|dy-+-d, )

i=0

The operator N, , which corresponds to the i-th binary digit is given by the equality
Ni Ido"'dn—1> :di Ido"'dn—1>

and has the expectation value

(N = zdi |Co, §

(do-+-dpg)OB"

Processing units. In aclassical n-bit computer, every computational step can be described by a
transition function | : B" - B" , B={0, 1} , which takes the current state Sof all bits as input and

returns the appropriate post instruction state S .
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Asit iswell-known from the quantum mechanics, the temporal evolution of a quantum system can
be described by unitary operators on the corresponding Hilbert space. For the case of n-qubit
computing machine, the general form of such unitary operator is

2"-12"-1 2"-1

U =3 > liu (il with 3 .U, =9,

i=0 j=0 i=0

If we compare boolean functions to unitary operators from a strictly functional point of view, we
can identify the following three major differences between classical and quantum operations:

* Reverghbility: Since unitary operators are defined as the operators satisfying the condition
UU" =1, for each unitary transformation U , the corresponding inverse transformation is

U". As aconsegquence, quantum computation is restricted to reversible functions. A
classical analogue would be the class of reversible boolean functions.

» Superposition: An eigenstate |¢/) =| k) can be transformed into a superposition of
eigenstates.

@)=Ulk=3U, K

The mathematical explanation of this feature liesin the fact that the requirement
(iJU'U | j) =9, isweaker than the pseudo classical condition

(U™ | | X (U | )y =9

which requires transformation eigenstates not only to be orthonormal, but also be of the
form U |k) =| 7z,) with some appropriate permutation function 72 over the space Z,,.

» Parallelism: If the machine state |¢/) already is asuperposition of several eigenstates, then
atransformation U is applied to al eigenstates simultaneousely:

U clid=>culi)

This feature of quantum computing is called quantum parallelism and is aresult of the
linearity of unitary transformations.

The basic instructions of a classical computer usually operate only on avery small number of bits
and are typically independent from the total amount of available memory. Thereforeit is more

useful to describe those instructions not as boolean functions over the whole state space B", in the
case of an n bit machine, but as parametrized functions f, over the space B", where the vector

x[OZ"only holds the bit-positions of the relevant arguments.

The meaning of the phrase “swapping the bits 3 and 5” is clear on aclassical computer, but this
meaning can’t be directly adobt to quantum computing, because unitary operator operates on state
and single qubit doesn’t have a state.

A quantum register can be defined as a sequence of mutually different qubit positions
S=(Sy, S;,-**» Sy » Which is the quantum anal ogue of the above argument vector v. For such

registers, can be defined a class of (n-m)! reordering operators I, by the equalities:

M,|dy, dy, -, d,p) =ld,, dg, -, dg )
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After which we can formulate the following

Definition. The register operator U(s) for an m-qubit unitary operator U :C?" — C*" andam-
qubit quantum register s on an n-qubit quantum computer is the n-qubit operator

U(9) =M. I (n-m),

with an arbitrary reordering operator IT..

(n—m)!

Since there are

possible m-qubit registers on an n-qubit machine, any given m-qubit

operator U can describe
(n—m)!

different transformations U(s).

In analogy to boolean networks, unitary operators which can be applied to arbitrary set of qubits are
also referred to as quantum gates.

A well known result from classical Boolean logic, is that any possible Boolean function
f:B" — B™ can be constructed as a composition from a small universal set of operators by

connecting the inputs and outputs to arbitrary bits in afeed-forward network. The most well known
examples of such universal setsof logical gatesare {[, =},{ -, =}, or {T}.

Unitary operators on a Hilbert space can be described as abstract rotations of this Hilbert space. The
general form of arotation of asingle qubit is

exp(ia)cos(w) —exp(—ig)sin(w)
expig)sin(w)  exp(-ia)cos(w) j

Applying these set of operators to arbitrary 2-dimensional subspaces of a Hilbert space H, any
unitary transformation of this Hilbert space can be constructed by composition in at most

w,a,,¢) = exp(-i ¢)(

dim(H
( 2( )j steps. In our definition of universal quantum gates we are restricted to subspaces

corresponding to quantum registers, therefore, in the case of an n-qubit quantum computer, we can
work with only n-possible 1-qubit subspaces and the corresponding sets of register operators
U, (w,a,B,¢) . Itisclear that for any i and j the corresponding register operators commute with

each other: [U ,, U, ] =0, which implies that any composition U of the above register operators
gives the transformation of the form

U |do’d11 ’dn—1>:(U1|do>)(U2|d2>) - (U n_1|dn—1>)

So, just asthe NOT gate itself is not universal in the classical Boolean logic, to construct a universal
set of quantum gates, we require an additional 2-qubit operation, to create entangled multi-qubit
states.

One possibility for anontrivial 2-quit operator is XOR which is defined as
XOR:| X, y) —| x,xOy) . The matrix representation of this operator is

1 000

0100
XOR=

0 001

0010
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Asitisshownin [4], the set of operators {U,(w,a, B,¢), XOR} , isuniversa for the family of
unitary tramsformations. Furthermore, as the subset {U,(w,a’, 5,¢)"} isdensein

{U,(w,a, B,¢)}, for such set of parameters that the quotients between them are irrational, the
subset {U,, XOR} isuniversal for most operators U, , in the sence that any unitary transformation
U can be approximated to arbitrary precision.

Input and output. Asit was mentioned, the interpretation of computing as a physical process,
rather than the abstract manipulation of symbols, leads to an extended notion of computability, and
the concept of unitary transformationsis an adequate paradigm for the computability in the physical
sence.

Unitary transformations describe the transition between machine states and therefore the temporal
evolution of a quantum system. The notion of a quantum computer as a computing machine
requires. however, that the evolution of the physical system corresponds to a processing of
information. Unlike classical symbolic computation, where every single step of acomputation can
be mapped onto a bit-string, physica computation requires such alabeling only for the initial and
the final machine state. This requirement isin full accordance with that interpretation of quantum
physics, which states that the setup and the outcome of any experiment has to be described in
classical terms.

Asthe machine state ¢ is not directly accessible, any physically realizable labeling has to
correspond to some observable (Hermitian operator).

One natural choice for such observable for an n-qubit quantum computer would be the classical
values of the single qubits with the Hermitian operators

N =(Ng Ny, -+ Ny)=Ng+2N, + - +2n_an—1
Ni |d01 d11 ’dn—1> :di Ido’ dl’ ’dn—1>

To set aquantum computer to adesired initial state corresponding to some boolean input string, it
suffices to provide meansto initially set all qubits to [0> and then apply any unitary transformation
that carries this state to the desired one. Consequently, one of the important operators is the reset
operator, which is a constant operator and is defined as R|¢) = 0) .

Various M odels of Quantum Computation

In classical information theory, the concept of the universal computer can be represented by several
equivaent models, corresponding to different scientific approaches. From a mathematical point of
view, auniversal computer is a machine capable of calculating partially recursive functions,
computer scientists often use the Turing machine as one of the models, in el ectro-engineering the
most popular model islogic circuits and in programming, the preferred model is a universal
programming language.

Each of these models has its quantum anal ogue:

Partially Recursive Functions «  Unitary Operators
Turing Machine &  Quantum Turing Machine
Logical Circuit «  Quantum Gates

Universal Programming Language «  Quantum Programming L anguage
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The notion of computation as a physical process requiresthat quantum computation can be
described by the same means as any other physical reality, which, for quantum physicsisthe
mathematical formalism of Hilbert space operator algebra.

The equivalent of the recursive functions (which is the mathematical concept of computability) in
guantum computing are unitary operators on some complex Hilbert space. As every classical
computation problem can be formulated in terms of the partialy recursive functions, any quantum
computation problem must have corresponding unitary operator. And the computational algorithm
consists of the algorithmic decomposition of this unitary operator into elementary operations, which
itself are some unitary operators on smaller complex spaces.

In analogy to the classical Turing Machine severa propositions of Quantum Turing Machines, as a
model of auniversal quantum computer have been made [5, 6]. In these models, the complete
machine-state is given by a superposition of base states |I, j, s>, where| isthe inner state of the
head, j the head position and s the binary representation of the tape content. To keep the hilbert
space H separable, the infinite bit-string s should have the zero tail state condition, that is, only a
finite number of bits different from O are allowed.

The quantum analogue of the transition function of a classical probabilistic Turing Machineisthe
step operator T, which has to be unitary to allow for the existence of a corresponding Hamiltonian
and meet locality conditions for the effected tape-qubit, as well as for head movement.

Quantum circuits are the quantum analogues to the classical boolean networks, with some major
differences:

» Since al quantum computations have to be unitary, all quantum computations have to be
unitary, all quantum circuits can be evaluated in both directions.

* Only nto n networks are allowed, that is, the total number of inputs hasto be equal to the
total number of outputs.

* Noforking of inputsis allowed. Thisfollows from the fact that qubits cannot be copied, i.e.
there exists no such unitary operator: U |y |0) =|¢) |¢) for |¢)OC?.

To alow for implementation of all possible unitary transformations, a universal set of elementary
gates must be available, out of which composed gates can be constructed. Therefore, each m-qubit

gate describes up to
(n—m)!

different unitary transformations, depending on the wiring of the
Inputs.

When we come to programming and the design of no-classical algorithms, we can look at the
mathematical description as the specification and quantum circuits as the assembly language of the
Quantum Computing.

As classical programming languages, quantum programming languages provide a constructive
means to specify the sequence of elementary operators, while allowing nested levels of abstraction.
In its simplest form, a quantum algorithm consists of a unitary transformation and a subsequent
measurement of the resulting state. For more traditional computational tasks, as e.g. searching or
mathematical calculations, efficient quantum implementations often have the form of probabilistic
algorithms. More complex quantum algorithms, as e.g. Shor’s algorithm for quantum factoring can
include classical random numbers, partial measurements, nested eval uation loops etc.

A formal way to describe the classical control structure, isto consider quantum operations as
special statements within aclassical procedural language. Therefore any quantum programming
language has to be universal programming language.
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The Quantum Adiabatic Algorithm for the Hilbert’s Tenth Problem

The halting problem for Turing machines is a manifestation of undecidability: a Turing computation
is equivalent to the evaluation of a partial recursive function, which is only defined for a subset of
the integers. Asthis subset is classically undecidable we cannot determine in advance whether the
Turing machine will halt or not.

The proof f the unsolvabilty of the halting problem is by contradiction with the assumption of the
existence of a computable halting function h(p, i) which has two integer arguments:. p isthe
encoded integer number for the algorithm and i isits encoded integer input. Formally, this can be
written as:

h(p, i) = O if p haltson input i
"7 |1if p does not

One can then construct a program r(n) having one integer argument n in such away that it calls
the function h(n, n) as a subroutine and

r(n) haltsif h(n, n)=1
r(n) loops infnitely otherwise

The application of the halting function h on the program r and input n resultsin

h _[0if h(n, n) =1
(=115 h(n, N)=0

A contradiction is clearly manifest once we put n = r in the last equation above. However, this
contradiction argument might be avoided if we distinguish and separate the two classes of quantum
and classical agorithms. A quantum function similar to the gh(p, i) above h can exist to determine
whether any classical program p will halt on any classical input i or not. The above contradiction
can be avoided if the quantum halting cannot take as an argument the modified program, which is
now a gquantum program.

To investigate the decidability of the Turing halting problem in the framework of quantum
computability, consider the Diophantine equations and Hilbert' s tenth problem.

At theturn of the last century, David Hilbert listed 23 important problems among which the
problem number ten is the only decision problem and could be rephrased as:

Given any polynomial equation with any number of unknowns and with integer coefficients, device
a universal process, according to which it can be determined by a finite number of operations
whether the equation has integer solution.

Eventually, this problem was finally shown to be undecidablein 1970 by Matiyasevich [7] and the
result was formulated as follows:

the Hilbert’ s tenth problem could be solved if and only if the Turing halting problem could aso be
solved.

Asthe Turing halting problem is not solvable (as it was shown above), the Hilbert’ s tenth problem
is undecidable.

Among the alternative models of quantum computation the quantum adiabatic process is the recent
proposal to employ for computation. The ideais to encode the solution of some problem to be

solved into the ground state | gy, of some suitable hamiltonian, H,. But asit is easier to implement
the hamiltonian than to obtain the ground state, we should start the computation in a different and
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readily available initial ground state, | g,) , of someinitial hamiltonian H,, then deform this
hamiltonian in atime T into the hamiltonian whose ground state is the desired one, through a time-

The adiabatic theorem of quantum mechanics states that if the deformation time is sufficiently slow
compared to someintrinsic time scale, theinitial ground state will evolve into the desired ground
state with high probability — the longer the time, the higher the probability.

The quantum algorithm with the ground-state oracle is thus clear:

one starts, for example with a hamiltonian
k
Ho 22(81* _ai*)(a'i -a;)
i=1

where & and a, are the creation and anihilation operators for the corresponding Fock space. This
hamiltonian admits the readily achievable coherent state | g,) =|a, --- a,) asitsground state. Then

one forms the slowly varying hamiltonian H(t/T) which interpolatesin the time interval [0, T]
between theinitial H, and H,. According to the quantum adiabatic theorem, theinitial ground state

with certain probability will evolve into our desired ground state up to a phase.

In contrast with the classical algorithm, the quantum algorithm above will terminate in principle,
because the time interval T is always finite (even though sometimesit can be very long) and give us
the decision result for the Hilbert’ s tenth problem.

One of the generalizations of the above described adiabatic approach to the quantum computation is
the holonomic quantum computation [9]. In this approach, the information is encoded in a
degenerate eigenspace of a parametric family of hamiltonians and manipulated by the associated
holonomic gates. These are realized in terms of non-abelian berry connection and are obtained by
driving the control parameters along adiabatic |oops. For a specific model (whichinfactis
universal) it is possible to explicitly determine the loops generating any desired logica gate, thus
producing the universal set of unitary transformations.

The noncommutative approach to this construction allows us to involve the classical (discrete)
computing in the general model of holonomic quantum computing. In this model the classical finite
state automata can be considered as a discrete differential calculus on some oriented graph [8] and
the transition function can be considered as a connection on some fiber bundle over this graph.
Therefore, the calculation procedure (algorithm) consists of a motion along a finite number of nodes
of the base graph and the holonomy corresponding to the connection on the fiber bundle gives us
the desired unitary transformation (or recursive function) as a composition of the unitary
transformations corresponding to the nodes of the graph.
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