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Abstract

In this paper we consider problems of fuzzy measure restoration from corresponding
insufficient data on the finite set. An approach is located in the class of Choquet’s second
order capacities with nearest distance from A -additive fuzzy measures, when the singleton’s
“fuzzy weights’ are known. This essentially concerns certain frequency distributions, where
the feature of additivity is doubtful. This follows from the fuzzy nature of data distribution,
when the expert “ appoints’ data. This fact is an indisputable condition of fuzzy measure
introduction, but insufficient for its construction.

Fuzzy measure of the optimal approximation is constructed in the class of Choquet’s
second order capacities. Measures of specificity, indices of uncertainty and estimations of
approximations are calcul ated.

Some properties of the correctness of the approximation are proved.

INTRODUCTION

There are two classical approaches to data analysis. If experimental data is “sufficiently” exact then for
their processing and estimation of general characteristics probabilistic-statistical methods can be used. If data
is presented with sufficient “inaccuracy”, then for their study the methods of theory of errors will be used.
But there are cases when both methods of statistics and the theory of errors do not give satisfactory results.

When data is presented by intervals and their description is “vague” and characterized by overlapping and
the receipt of data the expert is and in the intervened, it is clear that the nature of data are combined: parallel
to probabilistic-statistical uncertainty there exists the possibilistic uncertainty, guarantees more or less
adequate results.

Fuzzy statistics play an essential part in probability-possibility analysis and they are used very effectively
in fuzzy expert decision-making systems. Non-additive but monotone measures (fuzzy measures) were first
used in fuzzy statisticsin 80S by M. Sugeno [3].

We consider problems of fuzzy measure restoration from corresponding insufficient data (the third
section).

In [4] there is presented a problem of construction of the distance on fuzzy measures, which is reduced to
the distance between probabilistic measures in the class of associated probabilities. This is the problem,

considered in the second section. There are considered basic definitions with needed commentaries in the
second section.

In the fourth section there is constructed the concrete example and its table interpretation.

1. PRELIMINARY CONCEPTS
Let X ={X,,X,,...,X, } is the finite reference set, B(X) -algebra of all subsets of X, g-fuzzy measure

B(X)in Sugeno's sense and (X, B(X), g) -fuzzy measure space [3]
1°.  Fuzzy messure ¢, O[0B® (A >-1) is A-additive fuzzy measure [2] if for
OA,BOB(X),AnB=0,
0,(A0B)=9,(A)+0,(B)+Ag,(A)L0,(B). (1)
It is easy to verify that DA OB(X):

_1 0y
gx(A)—X{x!;IA(lﬂ 9i) 1}, 2

O
where 0< g, =g{ X } <1 A >-1isaparameter with the following normalization condiZion:
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1{ |'|(l+)\g§i )—l} =1.
A | xOx

O
Notethat g, isprobabilistic measureif > g, =1.
xOX

2°. Dual fuzzy measures g,g" ([ 01] B are called respectively lower and upper Choquet’s second order
capacities [1], [6] if OA,BOB(X):
9(AnB)+g(ALB)=g(A)+g(B),
9 (AnB)+g (AOB)<g (A)+g (B),
where g (A)=1-g(A) (duality). Choquet's second order capacities are enough broad class of fuzzy
measures. For example, A -additive fuzzy measure g, is Choquet's second order capacity. It is easy

(3

verifiable that g, = Oopj1eny - LEL {Si} and {Si }i=12,...,n denote “fuzzy weights’ of singletons
for 9,9  dual fuzzy measures respectively.
3°.  For exch 0=(0(1),0(2),...,0(n))0S, permutation of the finite set {1,2,...,n} the probability
functions[1], [8]:
Py (Xoy ) = 9({ Xo(2) D
Po(Xo2) ) = 9 Xo(1) 1 Xo(2) 1) = 9{ X1y D
Po (Xa(iy ) = 90 Xogay - Xogiy 1) = IQ Xogay - Xoi-2y D)
Po (Xs(ny ) = 1= 9 X1y s++1Xo(n1y 1)

are called the associated probabilities to the fuzzy measure g, where S, is the permutations group of all

(4

natural number from 1 to n. It is proved [1] that if g,g" O[0]1] B are dual fuzzy measures then they have
common associated probabilities class:

{P,(Q}es, ={Ps(Dloes, and Do TS, : P(O=PL(D0,
where ¢ isdual permutationof o(o(i)=0 (n—i+1),i =12,...,n).
By (2) and (4) we may write down associated probabilities class for A -additive fuzzy measure g, .
oS,

P, (%)) = 6, xcm})ij(lmgu{ X0 D) 5
more suitable
i(0)-1
P (X)) = 9 ({ X%y 1) rl (1+Ag,({ Xy D), (5"

0
where i =12,..,n; 00S,;i(0) isthelocation of X in 0 permutation. (If i(0) =1 than [1=1).
)=

4°. Introduce the following notations. IM(X) O [ 0] B* -fuzzy measures on B(X); MY(X)-Choquet’s

second order capacities on B(X); IM(X) - A additive fuzzy measures on B(X): R(X)-probability

measureson B (X). Itisclear

R(X) OM(X) OM(X) OM(X). Weknow [1] that if g OIMY(X) then OA O X
g(A)=mnP,(A), g'(A)=mexP,(A)

5. Let T" ={(Y,,Yoss ¥y J)OR™ /'y, 20,i =1.2,...,m} . Let f beafunction f : T™ - R".fiscaleda

function generatrix of distance, if the following five properties are satisfied:
@ (Y1 YerYn)=0 =y =y, =..=y, =0,
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2 v,<z,0= f(y.Y,.V¥n) < f(2,2,,...,2,, ) . f ismonotone non-decreasing,

Q) f(v,+z,¥, %2,V ¥ 2,,) < T(Y1, Yo 0¥ )+ T(2,,2,,...,2,, ) . f is sub additive,
4 f(y,y,...,y)=y.f isidempotent,

) f( Vo) Yorzy e Yorm ) HO O S . f issymmetric.

We rank the n'= m permutations of S, with some criterion to number them, and thus to represent the
class { B,(D}yns, asannt-tuple (R,P,,...,R, ). Let d be some distance on R (X) [4]. Itisproved [4] that
the function D :ITYX) xIM(X) = R* defined as

D(g.9 )= f(d(P,R ), d(P,,R,)...d(P,,P,))
is distance on [T X) . The examples of function f:
Fa(Y1:Y2 s Y ) = meX{y;

1/q
1 m
fq(yl,yz,---,ym)f( EZ F] , q=1.

i=1
The examples of distance d:

d.(P,P")= mp(xi )= P'(% )|,

dq(P,P')s(\/%

ds(P,P") = rA"E‘%Z(IP( X )= P'(x )|
Let D, =D,, denotesthedistance (q=2)

D,(9.9') = \/i' zzn:( Po(% )~ Pclr(xi )’

* olS, i=1

Dm(g,g'):qmgnx(JPc,(xi)—P;(xi )\“j q

6°. Given gOITY X) . The probability measure P oR (X) iscaled nearest from fuzzy measure g if
D(g.Ry) = _mn D(g.P) (6)

It is known [1] that if PO R (X) then associated probabilities class contains single probability
distribution P=P,, 0 [0S, . So the problem of minimizing may be reduced to the problem of minimizing the
function D with respect to P:

Dz(g,P):Jﬁ > S(P(x )~ P(x))* = min

Po(xi)—P;(xi)\“j . g21

and

! o0s, i=1
POR (X) . Applied well-known tools of analysis we receive the solution
1
Pg(Xi):Tch(Xi) (7)
n oS,
i =12,..,n.1f in(7) gis A -additive fuzzy measure- g, and we'll foresee (5) then
O

P, (%)=

i(0)-1 L O
I + _ , 8
n! oos, jl:ll ( go(l)) ®

O
i=12,..,n;ifin(8) i(0) =1 then addend isequal to 1. Here g, =g, ({ X }). The minimum distance D,
between fuzzy measure g, and R (X) is
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D,(g, R (X))= D2<gA,PgA )=

n 02[i(a)1 i(1)-1 O 2(9-)
n! S, k=1

n' o013, i=1

If A=0, (when ZQi =1) g, is probability measure then D, = 0. This distance is caled a degree of
i=1
unspecific [4].
7°. For given g OIM(X)
C(g)=min{ D(g,Be,).D(g".Pl, )} 10
is called an induce of specificity [4], where Bel, and Pl, are dua fuzzy measures of the beliefe and
plausibility of whole ignorance. LJA [1 X
0 if AzX 0 if Az0
Bel,(A) = . ; Pl,(A) = . .
1if A=X 1 if A=0
If C(g,) =0 then g, isnearto Bel, or Pl, and g, hasn't the specificity. If ¢>>0 then g, has a
high degree of specificity. The associated probabilities class of Bel,, is:
1 if i=n
PBeIO X, .)= ,
o Oy {o if i#n
i=12,.,n;00S,. Then
1 1 1
Paa, (X ):_IZPO'BGO(XG(i)):H(n_l)!:E

+ ols,
and we receive the uniform probability distribution. Hence

C(gx)=\/ Zig[l(cﬂ_l{lﬂ\gam} } (11)

. oS, i=1

2. THE PROBLEM OF FUZZY MEASURE RESTORING

In practice the subjective expert data is often performed only for singleton factors, because any
measurements of multifactorial variants practically don’'t exist. For example: if four X, X,,X;,X, factors
(symptoms) act on the illness y then by some expert (doctor) may be performed frequency distribution table
(tablel), where some “weights’ are subjectively “appointed” but pair “fuzzy weights’ almost don’t exists.

Here we offer the method which restores dual fuzzy measures dual fuzzy measures (g, g") with best

approach to [M(X) from B(X) in the sense of distance D, though with complimented condition. Let itis
only known “fuzzy weights’ of singletons:

o
0<g,=09{x}HN<1,i=12..,n
Let (12)

o O O m]
M(X,9,,9,,..9,) ={g0M(X)/ 9{x H=g,, i=12..,n}
isthe class of fuzzy measures of ITYX) with coinciding values of measures on singletons.
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TABLE 1
A OX ={X;,X,,X5,X,} @

{x} 0.2
{x,}” 0.3subj
{x3} 04
{x,} 0.2subj
{x1, %2} ?

{x1, %3}
{x1,%,}
{xz.x3}
{xz.%,}
{x3,%4}
{X17X2’X4}
{X2’X3’X4}
{X17X2’X3}
{Xl’XS’X4}
{X17X2’X3’X4}

l—\ .\) .\) .\) .\) .\) .\) .\) .\) .\)

TABLEL: insufficient expert frequency distribution of some illness with respect only to 4 symptoms in terms
of the fuzzy measure g

*) Data with notion “subj” is appointed by the expert.

Analogously

O O O O O O
M(X:;9,.9,.--9,) =M(X)nM(X;g,,9,,..9,)

isthe class of second order Choquet’ s capacities with the same property and
O

[} ) ) [} )
m(x;g,,9,,.,9,)=M(X)nN(X;9,,9,,-.9,)
isthe same class for A -additive measures. It is clear that
[}

O ] ] ] O
m(x;g,,9,,..9,) 0M(X;9,,9,,-.9,)

o 0O O
A > -1 isafree parameter of the distribution of A -additive fuzzy measure g OIM(X; g,,9,,....9,) With
n O
normalization condition (3). If > g, =1, then A, =0 value is assumed (g, is probability measure),
i=1

otherwise A istheroot of the following polinom:

H(A):(iﬂlgij}\n_l-‘-".-l-( Zkgi g, gkj)@ +(i§gi gjjA+égiﬂé).

i<j<
Let L={A,A,,...,A} istheset of real roots of the polinom (13) (A > -1).
Let L # [ . Introduce the following short notations:

M- (X)={g, Dm(x;<§11,§12,...,§1H)/>\i OL,i=12,...1}

D*
Itisclear, that g, valuesarenot “freedom” (for A CIL):

o” 1]n 0 :
g, =1_X M(1+Ag;)-1;, i=12,..,n
j=1

J#
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0 o* 0 o*
andif A\>0then g, <9g,, i=1..,n;if -1<A<Otheng,>g,, i=1..,n.
Analogously, we may construct L' ={X >-1/X\ = —%, AOL} and
x o* o o*
m- (X) oNT| X;g,.9,,...9, | classes.

The classes

Rtx)={p, OR(x)/a0L}), Rt (X)={P, ORx)/N OL'}
are probability measures classes. We calculate the distances:
D,(R ()M (X)) = min D,(P, g, ) =minD,(P, .9, )=

n i(0)-1 i(1)-1 0 2 (14)
:min\/ ZZQ.{H{H?\QU(.)} 1y n{1+AgT(k)}},

Ao\ Nl oos, i=1 i | ws, k=1

D,(R " (X)M (X)) =minD,(g,. ,P. )=
Aol Ox

- )
i(0)-1 i(1)-1
:r,nin\/ > 3g { [ {1+X 0o} - 3 T1L+X 0y }}

vou | Nl eos, i=1 ' S, k=1

Let these distances are reached on the fuzzy measures g; and gx, :
D,R )M (X)=D,(g..R ). DRECOM (X)) =D,(@..P,).

O
DEFINITION 1: (g).i, g%) pair fuzzy measures are called A -additive fuzzy approximationto g,, i =1,..,n

insufficient expert data.
DEFINITION  2: (ng’Pg’uj pair probability measures are called probability approximation to
A

[}
9., i=1..,n insufficient expert data.

O
Notice that if i g; =1 and the problem of restoring of measure doesn’t exist. If we know that g, is not
i=1

probability measure then suppose A %0, Rt (X)nM*"(X)) =0 . Itis easily checked that

(9,) :g_LEg;, N :—%' When A ~ O inLthen X' — 0 in L" and minimain (14), (14)

1+A +A

EI

‘)\‘ We
)\DL 1+)\ 1+)\

0 0
are respectively reached on A, ‘)\‘ mi Lr||)\| and on )\ because mi n‘}\ ‘
N oL

[m] m]
receive (A\) =N, (g,) =9. =4, . Givenresult may be represented as a proposition:
A A A

PrROPOSITION 1: Probability approximation corresponds to dual fuzzy approximation measures and
D,(M RY=p,(M R")
PROPOSITION 2: The probability approximation pair is equal probability measures.
PROOF: Itisclearthat g, <@, if A;<A, (A,A,0L)and
gk < PgE’ Pg: < gg.

A
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A -fuzzy measure gD,g} are nearest to probability measures in the sense of distance D,. Thus only
A
probability distribution correspondstothecase A =0. B, =P. D,(M RY“)=p,M" R"Y).

In reality insufficient (similar to table 1) Data of dual fuzzy measures may be not single, but given by
some experts E, ={1,1,,...,I:}.
Da

DEFINITION 3: Data ¢, ,i =1,...,n; alE, (defined as (12)) are called insufficient expert data of the
fuzzy measure g given by experts E, .

Insufficient expert data produce {IMte Mt R=R Ly a0 E, classes from where we'll build

O
probability approximations class {P«/aUE,} and A -additive fuzzy approximations class
{(0..0.)/a OE}.
DEFINITION 4:  Dual fuzzy measures defined LIA [l X :
O O

G(A)=minP.(A), T (A)=maxPq(A)
are called zero approach optimal approximation.
DEFINITION 5: Pair fuzzy measures defined as LIA [ X :

g(A) = ming, (A), g'(A) =maxg,(A) (16)

are called first approach optimal approximation.
DEFINITION 6: Pair fuzzy measures defined as [JA [ X :

g(A) = maxg, (A, g (A= a”DWIEE‘ 9.(A) (17)

are called second approach optimal approximation.
PROPOSITION 3: Pairs measures first and second approach optimal approximations are respectively dual
fuzzy measures.

Proor: DADX: @(A)=maxg,(A)=max(1-g,(A)) =1-ming,(A) =1-g(A). ie T =7

(15)

Analogously we'll receive §' =T .
PROPOSITION 4: Between zero, first and second approach optimal approximations exists the following
inequalities LA X :

LgAW<gA); g A=<T®),
2.9 <gA); T MA=<TA),

39A<TA); JA<TA.
ProOOF: Consider LA O X . Then
1.g(A)=ming, (A)<maxg,(A)=g(A);

g (A)=ming,(A)s maxg, (A)=7'(A),
2.9(A)=ming, (A)< mnk, (A)=g(A)
G (A)=maxP, (A)=maxP, (A)< maxg,(A)=T (A),
3.0(A) = maxg, (A) < minP, (A)=mexP, (A)=7 (A),
G(A)=minR, (A)=minP, (A)<mng;(A)=G'(A).

DEFINITION 7: Distances D,(9,9) = D,(9",g ), D,(9.9)=D,(9 ,g ) and D,(g .G )=D,(9,9) are
respectively called first and second approach optimal approximation errors.
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There variants of optimal approximations, which are received from insufficient data of unknown fuzzy
measure g, perform their “restored” faces. For comparison we consider the example where fuzzy measure g,
will be known, We'll restore them their “fuzzy weights’ of single sets (insufficient data) and estimate errors.

3. THEEXAMPLE
Consider one example when fuzzy dual measures (g,g ) are known (case for one expert). Let

X ={X,,X,,X5} and dual fuzzy measure g< g are“amost” uniform probability measures (table2),

TABLEZ2
A O X ={Xy,X,, Xz} g ")
0 0 0
{x} V4 V3
) E Y3
{x3} 1/3 1/3
{x1, X2} 2/3 2/3
{x,, x5} 2/3 2/3
{x5 %5} 2/3 14
but their associated | {XuX2: X3} 0 0 probabilities dlass are
givenintable 2’
TABLE 2
o PG(XG(]_)) PG(XO(Z)) Pc(xo(a)) P;(Xc(l) P;(XO'(Z)) P;(XO'(3))
12,3 1/4 5/12 1/3 1/3 1/3 1/3
132 1/4 5/12 1/3 1/3 1/3 1/3
213 1/3 1/3 1/3 13 3 1/3
231 1/3 1/3 1/3 1/3 5/12 1/4
312 1/3 1/3 1/3 1/3 1/3 1/3
321 1/3 1/3 1/3 1/3 5/12 1/4

The eguation (13) has the following face:
0.02(7)N\* +0.27(7)\ —0.008334 =0

0

O O O
from Whel’e )\ = )\ = 0029928 Then )\* = _)\/(l+ A ) = _00290583 gg = 90.029928 3 g* = 90.029928; the
A
associated probabilities class of g is performed in table 3:

TABLE 3
o Pc (Xc(l)) Pc (XG(Z)) Pc (XO'(3))
123 | 025 0.3360771 0.4139229
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132 | 025 0.3360771 0.4139229
2,13 | 0.3333333 0.2527458 0.4139229
2,31 | 0.3333333 0.3366473 0.3300194
3,1,2 | 0.3333333 0.2527438 0.4139229
32,1 | 0.3333333 0.3366473 0.3300194

We'll set distribution table of fuzzy measures 9,g°,7,g  with errors (table4): (here G=7, § =7 )

TABLE4
A OX ={X;,X,,X3} | =0 0008 g = 9—0.0290583|9(A) _Q(A)| ‘g* (A)-T (A)‘
{x} 1/4 0.3300185 0.0000185
{x,} 0.3333333 0.4139569(D ~0.0806
{x.} 0.3333333 0.4139569[D 0.0806
{x,,x,} 0.5860771 0.6666678 0.0805 ~0.0000078
{x, X5} 0.5960771 0.6666678 0.0805 0.00000078
{x,,%x5} 0.6699806 0.7500764 0.003319 0.0000764
{X,X,,X3} =1 =0 =0

The first approach optimal approximation error is
D,(9,9) =D,(g",g ) =0.0108278.

For setting §,0

we have one expert, therefore § and § are probability measures and

g= PgE = Pg;* =g =P, ofwhichdistributionis (table5):
A
TABLE5:
o/P P(x,) P(x.) P(xs)
0.2775876 0.3612063 0.3612061
but the distribution table with errors is (table 6):
TABLE6:
ADIX 9=9 =P, | [9A)-GA) |[g'(A)-TF (A)
{x} 0.25 0 0.08
(x,} 0.31 0.02 0.02
{x} 0.42 0.09 0.09
{x,,%x,} 0.56 0.1 0.1
{ X%} 0.67 0.01 0.01
(X, X} 0.73 0.07 0.07
{Xl’ X 21 X3} 1 0 0

The zero approach optimal approximation error is
D,(9,9) =D,(g",g") = 0.0046453
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As calculations shows (tables 2-6) estimations given by the approximations are enough “high”, maintain

precisions of approaches. The zero approach optimal approximation is more exact than first one, because here
fuzzy measures (g,g°) are“near” or “similar” with probability measure and given by one expert.
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