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Abstract

In this paper the optimal control problem for the second order ordinary differential
equation with non-local boundary conditions is considered. The necessary and
sufficient condition for optimality has been obtained.

INTRODUCTION

Many processes in practice are controlled and it is important to find the optimal resolution for their
realization. Besides, while mathematical modeling physical, biological and ecological processes we obtain
non-local boundary problems.

Creado, Meladze and Odisehlidze considered the optimal control problem [1] for Helmholtz equation
with Bitsadze-Samarski’s type non-local boundary conditions [2] and quadratic functiona. In the present
paper is considered the optimal control problem for the second order ordinary differential equation with
another type of non-locality —integral boundary conditions[3].

1. STATEMENT OF THE PROBLEM
Let vV be an open subset of R and Q be a set of control functions: v:[0]] - V,vOL,([0]),V is caled

domain of controls.
Let us consider following problem for each fixedvO Q in [0 interval:

d?u(x)
dx?
u(0) =a, D

1

j u(x)dx = B3,

0
where xU[0]],a, BOR,alL, ([01), f UL,([01]),0<qg=const. It is known, that the solution of
problem (1) exists, is unique and belongs to space W7 ([0.1]) [6].

Let 1(v) bethefollowing quadratic functional:

I(v) = ﬂbl(x)uz(x) +b, (VA ()] (2)

where b,,b, 0L, ([01]) are given functions.
Now let’s state the following optimal control problem: find the function v, L1 Q , whose corresponding
solution of problem (1) together with v, resultsin the minimal functional value.

—qu(x) = f(x) +a(x)v(x),

2. ADJOINT EQUATION
To obtain conditions of optimality we follow the scheme devel oped in the works [4][5].

Assume, that v, [JQ is an optimal control, v, [1Q is arbitrary admissible control and ugy,u, are
corresponding solutions of problem (1). Let’s take the following notations:
VEV, —V,, u=u, —u,. (3)
If we'll consider problem (1) correspondingly to (u,,v,) and (u,,v,) then we come to the rolowing problem
for U':
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d2d(x)
dx?
(0) =0,

—qu(x) =a(x)v(x), x0(0J),

1 (4)
j d(x)dx = 0.

For acertain v, and v, let us consider the following difference:

T2 10,) = 1(%) = [ B,(0ud-+ [b, (V2 () -
)

j‘bl(x)ug (X)dx = j b, (X)v5 (x)dx =
J[bl(X)JZ (X) + b, (X)V? (x)]dx + ZJ [, (X)u, (X)T(X) + b, (X)V, (X)V (X)]dx.

Let ¢ OW/([01]) and ¢ #0. If we multiply (4) on ¢, then integrate obtained expression on the interval
[0,1] and take into account (5) equality, we shall have:

F=[ w(x){zxtz‘ - qa}dx - [@(xa()T(x)dx+

1 1 (6)
[ 125, (U, (T(x) + 20, (v, (YT (R]ix +] o, (9T (%) + b, (972 (o

0
Let us make the folowing transformation for constructing the adjoint equation: two times using partially
integration formula and fact that U'(0) = 0, the first member of equation (6) will transform into following:

f'jx‘f dx+ YT W) -POT (0) - OTQ). ()

¢ did
X
! wOo
Integrating (4) equationin [0,1] interval we obtain:
1 1 1
0'() =0'(0) + q T(dx +[ a()V()dx =T'(0) + [a()V()dx. (g
0 0 0
Placing (8) equation in (7) expron we shall have:

J eE Y s (0 - O O -0 T +

)
+ (1) j a(x)V (x)dx.

Replacing (6) into (9) we shall see, that if ¢, isthe solution of the following problem:

dcll/lgx) +qu(X) =-2b, (XU, (x), x0(0),
W(0) =),
v =0 to

then functional 1 expressed in (6) will be asfollows:
I = [ [l@ - w(9)a) + 20, (v (T (x)ax + [ [, )T2() + b, (072( 1D
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THEOREM 1: Let g=const >0 and bj(x)UL,([01]), u(x) DWZZ([ 0,1]) aregiven functions,

then the solution of the problem (10) exisis, is unique, belongs to space W, ([0,1]) and could be written as
follows:

X -Jax _ 424 o/ax
Y(x)= Coe‘/ax + Cle‘\/ax + LJ. (Coe‘x/a(t—X) — Coeﬁa—x))f (t)dt +k e € € +
2\/a 1-¢'
0
4l K (c—:*ﬂa —ga )2‘ B (coeJa - cle'Ja Xeﬁ —ga ) N 2 B
Z(eﬁ +e Ve ) ell -t e/l +e

where
f (%) = =2b, ()u(X),

4(coe2\fq + eV - 1)+ \/1_ (eJa +e )i (e‘ﬁ(“l) - e*rq(“l))f (t)at
) q . 0
2(1+ el? + e'ﬁ)— g2Vt — g2l
ezﬁ + e—zﬁ -9 1
- —— ) y| f(t)at.
e
And c, and ¢, aredefined asfollows:

k =

Co =—C

1 B L) fale
c,= 2\/a(eﬁ _e_ﬁ)!(eﬁ(1 U _ gal ‘))f(t)dt.

3. NECESSARY AND SIFFICIENT CONDISION FOR OPTIMALITY OF SOLUTION
THEOREM 2. Let functional be given by the formula (2), b,(x) >0 and ¢, is solution of the problem (10),

then the couple (u,,v,) isoptimal if, and only if, the following condition is satisfied:
(6 (D =5 (9)a(x) +2b, (), () =0
almost everywherein the[0,1] interval.

The confirmation of this theorem isthe same asin [1] ,where the confirmation of necessary and sufficient
condition for optimal control problem with another type of non-locality is presented.

4.CONCEQUENCE
Let’s consider the following optimal control problem:
d?u(x
dx(z ) a(x)u(x) = f(x) +a(x)v(x),

u(0) =a, (12)

[ a(uydx = B,

where x0[0],a, SOR,a0L, ([04]), f OL,([01),0<qOL, ([0:]). 1t is known, that the solution of
problem (1) exists, is unique and belongs to space W7 ([0.1]) [6].
Let 1(v) bethefollowing quadratic functional:
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(V)= i[bl(x>u2<x)+b2 (OVE(x)Jx, (13)

where b,,b, OL_([01]) are given functions and (u,v) searched couple, satisfy (12) and will assign minimal
valueto (12) functional.
Above considered problem will transform to the following system:

d?u(x) _ a’(x) _
5 ~Au0) = (9 00 (W) -w@®), xO(0D),
u(0) =a, (14)

Iq(x)u(x)dx =B

@(0) =y,
y'@)=0.

The adjoint problem of (12)-(13) problem is corrected and also the already received necessary and
sufficient condition of optimality istruthful for it.
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