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f(t)

s(t)

f(t) = G(t)[r(t) ∗ s(t)] + b(t)

• G(t)

• r(t)

• b(t)

N sk(t) k = 1, .., N

f(t) =
N∑

k=1

akδ(t − τk)e
iϕk

∗ sk(t) + bk(t)

τk ϕk krd

ak bk

s(t)
X(t) Y (t)

X(t) = s(t) + bx(t)

Y (t) = s(t − τ)eiϕ + by(t)

• S(t)

• s(t − τ)eiϕ τ ϕ.

• bx(t) by(t)

τ ϕ.
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f : R −→ C (f ∈ L1(R))
f f̂ ,

f̂(ξ) =
1

√
2π

+∞∫

−∞

e−iξtf(t)dt

L2(R)

ψ ∈ L2(R) ψ

Cψ =

+∞∫

0

∣∣∣ψ̂(ξ)
∣∣∣
2

ξdξ < +∞

ψ ∈ L1(R)

ψ ψ̂(0) =
∫
R ψ(t)dt = 0.

ψ̂(0) = 0 ψ̂ ∈ L2(R) ψ̂ ψ

ψ̂(0) = 0

ψa,b a ∈ R+∗ b ∈ R ψ

ψa,b(t) =
1
√
a
ψ(
t− b

a
)

W

W : L2(R, dt) → L2(R+∗ ×R, dbda
a2 )

f → Wf

Wf(a, b) =
1√
Cψ

∫
+∞

−∞

ψa,b(t)f(t)dt

• ψa,b ψa,b.

• (Wf(a, b))a,b f.
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Wf(a, b) =

√

a
√

2πCψ

+∞∫

−∞

eiξbψ̂(aξ)f̂(ξ)dξ

L2(R, dt) L2(R+∗ × R, dbdaa2),

s(t) = 0, ∀t /∈ [−T, T ] ,
∫

R
s(t)dt = 0

bx(t) by(t)
ξ0 > 0, ξ |ξ| < ξ0

b̂x(ξ) = b̂y(ξ) = 0

ψ

∃ξψ,1 > ξψ,2 > 0 / ψ̂(ξ) = 0 for |ξ| /∈ [ξψ,1, ξψ,2]

ψ

∀ε > 0, ∃C > 0 /ψ(t) <
ε

t2
< , ∀t /∈ [−C,C]

a

ξψ,2
ξ0

≤ a ≤ T

C

WY (a, b) = eiϕWs(a, b− τ)

Y (t)

WY (a, b) =

√
a√

2πCψ


eiϕ

+∞∫

−∞

eiξ(b−τ)ψ̂(aξ)ŝ(ξ)dξ +

+∞∫

−∞

eiξbψ̂(aξ)b̂y(ξ)dξ



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ψ̂(aξ)b̂y(ξ) = 0 |ξ| < ξ0

a a ≥
ξψ,2
ξ0
, ψ̂

ψ̂(aξ)b̂y(ξ) = 0 , ∀ξ ∈ C

Y (t)
WY (a, b) = eiϕWs(a, b− τ)

Y (t) WY (a, b)

ψ |b− τ | < 2T a a ≤ T
C
,

Ws(a, b− τ) =
1√
aCψ

∫ T

−T
ψ(
t− b− τ

a
)s(t)dt

≤
a

3

2 s(o)√
Cψ

Cste(T ).

ψ

a 1 ≤ a ≤ T
C

a = 1 WY (a, b)
b = τ.

a = 1 ψ ' s s(t)
WY (a, b)

WY (1, b) =
1√
Cψ

∫

R
eiξ(b−τ)ŝ2(ξ)dξ

Y (t).

s(t).

Y (t) =
N∑

k=0

ake
iϕks(t− τk) + bk(t)

WY (a, b) =
N∑

k=0

ake
iϕkWs(a, b− τk)

Y (t).
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Y (t)

∀k 6= r , Supp(s(· − τk)) ∩ Supp(s(· − τr)) = ∅
AY Y :

AY (ω) =
∫

R

Y (t)Y (t + ω)dt

AY (ω) =
∫

R

[∑

k

aks(t − τk)e
iϕk + by(t)

] [∑

r

ars(t + ω − τr)e
iϕr + by(t + ω)

]
dt

=
∑

k,r

akare
i(ϕk+ϕr)

∫

R

s(t − τk)s(t + ω − τr)dt

+
∑

k

ake
iϕk

∫

R

s(t − τk)by(t + ω)dt

+
∑

r

are
iϕr

∫

R

s(t + ω − τr)by(t)dt +
∫

R

by(t)by(t + ω)dt.

s(·− τk) s(·− τr)

AY (ω) =
∑

k

a2
ke

2iϕkAs(ω) + Aby
(ω) +

∑

k

ake
iϕk

∫

R

s(t − τk)by(t + ω)dt

+
∑

r

are
iϕr

∫

R

s(t + ω − τr)by(t)dt

by s

∃ ξs,b , ξs,h/ 0 < ξs,b < ξs,h andb̂y(ξ) = 0 , ∀ |ξ| < ξs,h

|ŝ(ξ)| < ε , ∀ |ξ| /∈ [ξs,b, ξs,h]

ÂY (ξ) =
∑

k

a2
ke

2iϕkÂs(ξ) + Âby
(ξ) +

√
2π[

∑

k

ake
iϕkeiξτk ŝ(−ξ)b̂y(ξ)

+
∑

r

are
−iξτr ŝ(ξ)b̂y(−ξ)]

b̂y(ξ) = 0 thenÂY (ξ) =
∑

k

a2
ke

2iϕkÂS(ξ), for |ξ| < ξs,h
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ÂY (ξ) =
√

2π
∣∣∣Ŷ (ξ)

∣∣∣
2

∣∣∣∣∣
∑

k

a2

ke
2iϕk

∣∣∣∣∣ |ŝ(ξ)|
2 =

∣∣∣Ŷ (ξ)
∣∣∣ for |ξ| < ξs,h

|ξ| /∈ [ξs,b, ξs,h] ,

ÂY (ξ) =
√

2π(
∣∣∣b̂y(ξ)

∣∣∣
2

+µ(ξ))

|µ(ξ)| < ε
[
ε +

∣∣∣b̂y(ξ)
∣∣∣ +

∣∣∣b̂y(−ξ)
∣∣∣
]

s
ŝ

ŝad(ξ) =





1∣∣∣
√∑

k
a2

k
e2iϕk

∣∣∣
Ŷ (ξ) for |ξ| < ξs,h.

0 otherwise

sad.

s(t)

3.14
0.41rad
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Err τ Err ϕ

Err τ =
1

Nc − 1

Nc−1∑

i=1

[τi − τi]
2

Err ϕ =
1

Nc − 1

Nc−1∑

i=1

[ϕi − ϕi]
2

τi :
τi :
ϕi :
ϕi :
Nc :

3.14

τa Err τ ϕa Err ϕ

3.14 0 0.41 0.30815.10−34

N = 2
τa

3.14
3.14

Err τ

0
0

ϕa

0.41
0.41

Err ϕ

0.20831.10−31

0.11093.10−30
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3.15 Err τ = 1.1000.10−4

SRN (dB) Err τ Err ϕ

10 10−6 0.16.10−7

−3 0.11.10−5 0.45.10−6

−10 0.13.10−5 0.47.10−6

−12 10−4 0.50.10−3

−15 0.90.10−5 0.15.10−2

−17 0.21.10−4 0.18.10−2

−19 0.43.10−4 0.11.10−1

−20 0.13.10−3 0.13.10−1

−22 0.12.10−1 0.18.10−1

−25 0.2.10−1 0.20.10−1

−27 0.41.10−1 0.25.10−1

−30 0.90.10−1 0.56.10−1
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N = 2

SRN(dB) Err τ Err ϕ

10 0.53.10−7 0.35.10−7

−3 0.36.10−5 0.77.10−6

−10 0.28.10−5 0.7910−6

−12 0.42.10−2 0.50.10−6

−15 0.51.10−2 0.52.10−6

−17 0.55.10−2 0.46.10−4

−19 0.19.10−1 0.26.10−3

−20 0.20.10−1 0.28.10−3

−22 0.30.10−1 0.31.10−1

−25 0.80.10−1 0.40.10−1

−27 0.99.10−1 0.51.10−1

−30 0.15 0.11

SRN(dB) Err τ Err ϕ

10 0.57.10−7 0.80.10−7

−3 0.66.10−5 0.45.10−5

−10 0.98.10−5 0.47.10−5

−12 0.43.10−2 0.30.10−2

−15 0.51.10−2 0.50.10−2

−17 0.19.10−1 0.58.10−2

−19 0.20.10−1 0.32.10−1

−20 0.23.10−1 0.41.10−1

−22 0.40.10−1 0.60.10−1

−25 0.11 0.70.10−1

−27 0.13 0.90.10−1

−30 0.21 0.13

Daubechieswavelet biorthogonalwavelet

grad E/τ = dEi,j(τ,ϕ)

dτ
grad E/ϕ =

dEi,j(τ,ϕ)

dϕ
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Ei,j(τ, ϕ) = 1
l−1

l∑
m=1

[
Xi(m) − Xj(m).e−2iπτ(m−fc).e−iϕ

]2

Xk = x̂k k = 1, ...l, xk.

RSN(dB) Err τ Err ϕ

10 0.45.10−2 0.19.10−2

−3 0.21.10−1 0.62.10−2

−10 0.30.10−1 0.62.10−2

−12 0.44.10−1 0.55.10−2

−15 0.54.10−1 0.35.10−2

−17 0.60.10−1 0.20.10−1

−19 0.90.10−1 0.80.10−1

−20 0.11.10−1 0.11
−22 0.20 0.18
−25 0.30 0.30
−27 0.62 0.41
−30 1.057 0.62
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