
Georgian Electronic Scientific Journal: Computer Science and Telecommunications 2006 | No.2(9)

236

The Inverse Variational Kupradze-Brebbia Formulation for the Navier-
Stokes Equations

Tamaz Obgadze
Georgian Technical University, 0175, 77 Kostava str., Tbilisi, Georgia

Abstract:
We would like to notice that field of velocities and pressures for bridge piers in high-
mountain regions of basin of river Durudschy (Georgia) were calculated with help
the inverse variation Kupradze-Brebbia formulation for the Navier-Stokes equations
and the iteration Walker-Brebbia formula. Also the tasks of bypassing of metal plate
by viscous incompressible fluid, were solvers for different angels.
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1. INTRODUCTION

In this article we consider the task of flowing of viscous incompressible fluid in compact
Rieman variety G with the Lipschitz boundary G∂ . We scrutinize the Navier-Stokes equations in
non-dimensional form:
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where jV  - components of velocity vector, P  - pressure, f  - force for volume unit, Re  -

the Reynolds number.
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we use difference form for temporal derivative from the equation (1).
Further we apply the Kupradze-Brebbia method, multiply the equation (5) by )( 2 GLW j ∈∀  in

the sense of )(2 GL  and use the Green formula.

As a result the weak Lions-Temam formulation is obtained [1-4]:
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where )(GDV NSj ∈  and )(GDNS  is system of vector functions, their divergence equals zero

and these functions satisfy the boundary conditions (4).
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Then the weak variation formulation of the task (1)-(4) have form: find )(GDV NSj ∈
which satisfy the equation (6) for the conditions (3), (7)-(9) and )( 2 GLW j ∈∀ .

That formulation is used often for a solution of the Navier-Stokes equations by the method
of finite elements [2-4].

To obtain the inverse variation Kupradze-Brebbia formulation for the task (1)-(4) we apply
once again the Green formula to the equation (9) and have following:

( )( ) 	 ++ =
G
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Thus the inverse variation Kupradze-Brebbia formulation [5-6] for the task (1)-(4) have
form: find )(GDV NSj ∈  which satisfy the equation (6) for the conditions (3), (7), (8), (10) and

)( 2 GLW j ∈∀ .

To solve the Navier-Stokes equations within the framework of the inverse variation
Kupradze-Brebbia formulation we apply the iteration Walker-Brebbia procedure (7), i.e. we
transfer linear terms of the equation (6) for jV  in the left part of equation and non-linear terms

are transfer by us in the right part of equation.
Then we give out (n+1)th approach )1( +njV  for linear terms and nth approach )(njV  for non-

linear terms and obtain:
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To realize the iteration Walker-Brebbia procedure [7] we use the equations (11) and search
for solution of the task (3), (6), (8), (10) by the RO-function method [8-11]. We seek a solution
of the equation (11) in following form:
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Since )(GDV NSj ∈ , then we must seek a solution in form of a field of curl of some

vector field, i.e.

jkijkiv ,Ψ=+ εδττ                                                                                                (13)

where kΨ  is vector potential of velocity field.

Obviously, that the relation (13) guarantees a solenoids of velocity field of viscous fluid.
To satisfy the requirements of boundary conditions of sticking of viscous fluid to walls (4)

we use RO – functions [8-11].
Further we take into account the equation (13) and suppose that
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Clearly, that the equations (13), (14) permit to satisfy to condition

)(GDV SNi ∈+δττ  for ];0[)( GdiamCxg ∈∀ .

Now we must find coefficients of decomposition δττα +
ik  for each moment of time δττ +

from the equation (11). We choose the fundamental solutions of the Laplace operators as
tentative functions iW :
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and ),,( iii ζηξ  are points of disposition of regular sources OG [12].

As
),(4, xW ijji ξπ ∆⋅⋅−=                                                                                                    (17)

Where ),( xiξ∆  is the Dirac delta-function, which does not equal zero only for point

),,( iii ζηξ .

Then we substitute the equation (17) in the equation (10) and obtain:
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Further we take into consideration the (18) and obtain from the equation (11) following:

��
⋅⋅=⋅���

����� −
−+

+++⋅

++
+

+

+
+

+
+

+
+

G j
nkjnk

G j

jnj
j

iiiniiiniiin

dx
r

VVdx
r

VV
f

VVV

11

)),,(),,(),,((
Re

4

)(,)(
)1(

)1(3)1(2)1(1

δττδττ
τδττ

δττδττδττ

δτ

ζηξζηξζηξπ

                                          (19)

In the formulas (19) expression (n+1) points to corresponding approximation in the Walker-
Brebbia iteration.

For each thi  point of disposition of regular sources OG [12] we have three equations

)3,1( =j  from (19). Thus, to find coefficients ),1( nii =+δττα  for each time layers we have n⋅3
equations which are related with single-stage iteration formulas (19).

We base on the equations (13), (14) and find coefficients δττα +
ik  for each time layer. And

vector field of flowing of viscous incompressible fluid is designed on computers screen.
We would like to notice that field of velocities and pressures for bridge piers in high-

mountain regions of basin of river Durudschy (Georgia) were calculated with help the inverse
variation Kupradze-Brebbia formulation for the Navier-Stokes equations and the iteration
Walker-Brebbia formula. Also the tasks of bypassing of metal plate by viscous incompressible
fluid, were solvers for different angels.
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