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Abstract: Interferometric SAR data are frequently multi-look processed for speckle
reduction and data compression. The statistical behavior of an interferometric signal is
for great interest since it allows predicting its performance, and yet, few papers deal
with the signal nature. This paper deals with the statistical behavior of the phase
difference between two interferometric signals. The probability density function of
interferometric signal is derived stating its dependence on the coherence and the mean
of the phase difference. Besides, the Cramer-Rao lower bound (CRB) is also evaluated.
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1. Introduction
The main feature of a SAR system, in front of conventional systems, is the azimuth resolution
increase on the basis of carrying out a recording of complex data, as well as a coherent processing
of such a data. Despite the SAR images complex nature, its phase does not carry information at all.
On the other hand, SAR images are contaminated by speckle, a noise-like signal, although it is a
true electromagnetic measurement [1]-[4].

The combination of different SAR images leads to multichannel SAR imagery. Any change in
the sensor’s geometry, in the operating frequency, in the employed polarization or the reflectivity
scene will produce a change within the SAR image. In those cases, in which the changes gives rise
to correlated images, the phase difference between the SAR images will contain useful information.
When the SAR images are completely correlated, each of the individual images is contaminated by
speckle, but the phase relation between them will contain useful information free of degrading
factors.

There exist two main types of multichannel SAR imagery: SAR interferometry (INSAR) [5] and
SAR polarimetry (PolSAR) [6]. The combination of these two data types, which called Polarimetric
SAR Interferometry (PolInNSAR) [7], is based on combining the advantages of each technique. This
paper will be focused specially in INSAR.

SAR interferometry is basically based on the formation of an interferogram by using two
complex SAR images of the same area, but acquired from slightly different positions. Therefore, the
imagery geometry changes from the first SAR image to the second one. This change produces the
phase difference between both SAR images to contain information about scene’s topography. This
system configuration is also called Across-Track interferometry [8]-[12], in contrast with Along-
Track interferometry [13]-[15]. The two complex SAR images can be acquired either,
simultaneously using two antennas in the same platform (single-pass interferometry) [16]-[17], or
using the same system in repeated passes over the same scene (repeat-pass interferometry) [18]. In
the later case, the phase difference between both SAR images will be also depend on possible
scatterer variations between the different passes.

Due to the lack of knowledge about the detailed structure of the scatterer being imaged by the
SAR system, it is necessary to discuss the properties of the scattered field statistically. The statistics
of concern are defined over an ensemble of objects, all with the same macroscopic properties but
differing in the internal structure. For a given SAR system imaging a particular scatterer, the exact
value of each pixel can’t be predicted, but only the parameters of the distribution describing the
pixel values. Therefore, for a SAR image, the actual information per pixel is very low as individual
pixels are simply random samples from distributions characterized by a set of parameters.

This paper is organized as follows. Section 2 introduces the geometric approach of SAR
interferometry. In Section 3, we describe the statistical behavior of the phase difference. The
probability density function of interferometric signal, in both single-look and multi-look cases, will
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be derived stating its dependence on the absolute value of the correlation coefficient, and the mean
of the phase difference. Besides, the Cramer-Rao lower band (CRB), is also derived. Finally, a
conclusion is given.

2. SAR interferomerty

The interferometric SAR system is based on the geometry shown by Fig. 1. The use of this
geometric approach makes possible to see the relationship between the surface and the sensor
geometries in order to obtain the information contained within the SAR images difference. This
approach is based on several simplifications as to consider a flat Earth or not considering signal
spectral properties. Hence, the approximation is not valid for satellite geometries with large swaths
or for airborne geometries. Detailed developments on SAR interferometry can be found in [3], [5],
[81-[9], [11]-[12].

Each of SAR platforms denoted by T, and T, respectively, acquires a SAR image. The two
antennas are separated by a given baseline B, observing the same point P at range r from the first
platform and at range r+Ar from the second one. For the geometric approach, the observed point P
will be assumed to be a point scatterer. Therefore, the two SAR images are

{ sp(x1.1)= |51(X1’ rl) exp(jéy(x,. 1))

2 (Xy,15)= |52 (X, rzjexp(j¢2 (x;.1,))
T,

)

X y
Fig. 1: Interferometric SAR system geometry.

Both SAR images observe the reflectivity scene from two different locations. Therefore, a given
pixel of the first SAR image does not correspond to the same reflectivity contained in the pixel of
the second image. There exist several techniques developed to solve this problem, known as image
co-registering. In a classical approach, both images are registered, with a pixel accuracy, by using
cross correlation techniques. In many cases, these techniques are not enough to obtain quality
interferograms. To fulfil the quality requirements, sub-pixel registration techniques are employed
[10], [19]. Once the SAR image pixels refer to the same area, the complex interferogram is defined
as

51(X11 n )Sz(le r ) = |51(X1- n 1|52 (Xz Iy X exp(j(¢1 (Xll rl)_¢2 (le r ))) (2)
Owing to the fact that both SAR images observe the same point P from slightly different

positions, the phase of each SAR can be written, taking into account the geometry depicted by Fig.
1, as

¢1(X1:r1):—477[r+¢51 (3)
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Assuming that the phase due to the scatterer, ¢, and ¢,, are equal, the interferometric phase (i.e.,
the phase difference) is very sensitive measure for range difference

A¢=¢2—¢l=—47ﬂAr+27zk (4)

Owing to the circular nature of any phase measurement, the interferometric phase given by (4) is
ambiguous within integer multiples of 2z . In order to be able to relate the interferometric phase to
the topographic height, the correct multiple 2z has to be added. This is done in the phase-
unwrapping step after removing the flat-earth expected phase from the interferogram [20]-[21].

To derive the information content in Ag, it is necessary to see the dependence of Ar on the

different parameters of the imaging geometry given by Fig. 1. Assuming this geometry, we have

(r+Ar)? =(r-B,)* +B2 (5)
where
B, = Bcos(d—a) (6)
{Br =Bsin(6-a)

wherein 4 is the radar wavelength, ¢ is the look angle and « represents the tilt angle. B, is called
parallel baseline, whereas B, is the perpendicular baseline. We suppose that the contribution of the

term Ar? can be neglected in front of the parameter r. Therefore, Ar can be simplified as
2
Ar :2—r— Bsin(0—-a) (7)

The geometric approach for INSAR is based on a spaceborne system. In such a case, the
difference between the baseline B and the range r is about several orders of magnitude, allowing
to neglect the first addend in (7). Hence, Arcan be approximated by

Ar =~ -Bsin(0 -a) 8
With this approximation, the phase difference A¢g, can be written as
Ag :47” Bsin(0—a)+ 27k ©)

The equation (9) corresponds to the phase of a single pixel in the interferogram. However, this
phase is not useful as the wavelength is so short that the phase is wrapped, apart from the fact that is
also contains range information.

From (9), the interferometric phase error can be expressed as

SAQ = % cos(0 —a )50 (10)
Since the elevation error is evaluated as [3], [5]
Az A tan(@) (11)
z tan(0)o0 = 47B cos(f-a) onp

3. Probability density of interferometric phase

In this section, we introduce the probability density function (pdf) of the phase difference in both
single-look and multi-look cases. First a data model is presented defining the statistical types of
variables cartographic radars deal with. This data model is based upon a zero-mean Gaussian
hypothesis .The signal emitted by a radar illuminate a given area, commonly called resolution cell,
which is limited by the pulse length and the look angle. The received signal is reflected by
elementary particles of the resolution cell, called scatterers. In this paper, we study the
interferometric signal depending on statistical behavior of these scatterers. This analysis is carried
out in both single-look and multi-look cases.

3.1 Single-look
The information received by the two interferometric sensors can be modeled [22]-[23] by
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{ sy =X + Jyy =1 exp(igy) (12)
Sy =Xy + Y =1y exp(jgy,)

where x; and y; are zero-mean Gaussian distributed, r, has a Rayleigh distribution of parameter o2
, and ¢, is a uniform random variable distributed on the interval |-z, z[. As the sum of independent,
identically distributed sacatters are complex Gaussian distributed by the Central Limit Theorem, the
probability density function of bivariate complex Gaussian vector s is [24]

_ 1 T - (13)
P, (s)= ——expl-sTK
s (s) ”2|K|exp{ s s}

where s=[s;, s,|' is the data vector which is an outcome of the random variables,K is the
covariance matrix of s, || is the determinant of (), and ()" and ()7 represent the transpose and the
conjugate transpose of (), respectively. Considering that the real and imaginary parts of s, are
uncorrelated, let us define the following notation

Efsi}=0

E{xﬁ}: E(yf): oi/2

E(xy1)=E(x,y,)=0 (14)

E(xX;)=E(y1y,)=0/2

E(x,Y,)=-E(y1x,)=7/2
where E{} stands for the expected value of (). Thus, the signal sis a second-order circular process
since, by definition, for all ¢ e® , the moments of s defined by s; =r; exp(j¢;) up to second order are
identical to the corresponding moments of r [25]. Note that since oand » are not null, s; is

partially decorrelated.

Let us introduce now the correlation coefficient that will be needed to evaluate the covariance
matrix K. The complex correlation coefficient statically measures the degree of relationship
between two sensors. It is, thus, defined by the expected value of the inter-sensor cross product as
follows

E{slsZ} .
y= =y|exp(jw)
\/E%slsl* NE%SZSEE
where |y| is the coherence, and y is the phase of the complex correlation coefficient. Note that the
correlation coefficient can be written from (14) as follows

(15)

,== in (16)
010,
Likewise, the covariance matrix has the form
K= E{ss*}z( of . 01022}/] (17)
01077 O3

then, the single-look phase difference is obtained by interfering both sensors as

Ag = arg(sls;) (18)
In the following, the single-look phase distribution is derived. To do so, we consider the definitions
given by (14). The inverse of the covariance matrix K defined by (17) is

a1 Z -
Klz_( ) 01(2727J (19)

2 *
D® \-o0,7 01

where D? =o{c} (;L—|y|2). The distribution can be written as

1 1 *o o*
Ps (51 52)=W9Xp{—?(022r12 +011; ~2010, RG{V 5152 })} (20)

Changing the rotational coordinates by means of the transformation
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f
21 _)(51 =n exP(Wl)J

s, = exp(igy) (21)

¥V
Its Jacobian matrix determinant is r,r,, and supposing that o, =&, = o, the joint pdf becomes

2 .2 _
P(r, 1y, 1,y )= (:;;2 eXp{_ e +r; 221‘;2 |7|/| TZO)S(A(/ﬁ l//)} 22)
o]y

In order to derive the single-look phase distribution, the following changes of variable are used

2 rl:%VUZE—VIZ)Z”EXD(V/Z)
. - LAk o) @

Whose Jacobian matrix determinant is

20 2
det(a) = ) @4 7, @4
So (22) becomes
2
P(z,v, 01, 0,)= 4 - zexp{—l[z exp(v)+ zexp(—v)—2zﬁ]}
2(2n) 2 (25)
- -} zexp{-z cosh(v)}exp{2z3}
2(2z)?
where
B =r|cos(Ag—y) (26)
Integrating with respectto z and v,
1= i
P, 42)- (zjj)'z [Fexplp)Ko 2z (27)
where K,(z) is a modified Bessel function of the second kind. Then (27) gives
1_|7/|2 1 B (” ) )
P(4y,4,)= z (28)
(¢1.¢2) (2n) [1—/32 +(1—ﬁ2)3/2 5 +sin (B)
which depends on Ag. In order to evaluate the phase distribution, we have
P(Ag)= " P(Ag, #)dg (29)
So, finally the single-look phase distribution is
3 1—|}/|2 1 ﬁ /4 - (30)
P(Ag)= o ll—ﬂz +(1_ﬂ2)3/2 (E+sm (ﬁ)j

Fig.2 depicts the single-look phase difference distribution for |y|=0,0.4,0.7,and 0.90, y =0. It shows

that for high coherence values, the mean-centered distribution gets sharper and narrower resembling
to a delta function, while for low coherence values, the phase distribution tends to a uniform
distribution.

il -08 -06 -04 -02 o 02 04 0B 0& 1
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Fig. 2 Interferometric phase pdf for different coherence values.

On the other hand, the theoretical single-look variance of a fluctuating signal was derived by Tough
et al. [23] and takes the form

2 ) SNNE.
var(Aqﬁ):lZ#{”——;rsin‘l(M cosz//)+[sin‘l(]7/| cos 1//)]2}+121 |}2/| (31)
1—|}/| Cosz(y/) 4 253 i

Fig. 3 shows the numerically computed standard deviation of A¢vs. coherence for y =0.

i ; i i i i ; i i
0 o0l o0& 03 04 05 06 07 08 08 |
I¥l

Fig. 3 Interferometric phase standard deviation.

3.2 Multi-look analysis

Multi-look techniques arise as a way to decrease the noise level of a single look process. N
consecutive samples of the interferometric signal envelope are taken to average the final value. This
low-pass filter technique is regarded as a likelihood estimator [23] which corresponds to the peak of
the correlation function.

Let us generally define s as a (Nxq) complex data matrix with a %(0,K) distribution. Thus, the
multi-look likelihood estimator is obtained by

Zj :%Sis? :%%55")5?)* (32)
Sinces®,s? ... s™) are independent, identically complex (0,K) distributed, W = Nz has a Wishart
probability distribution of covariance matrix K, and N degrees of freedom [26]. Its complex
probability density function (pdf) is given by

N-g-1
o

Ry (@)= ————- exp%Tr(K ‘1a))} (33)

1, (N/2)K|
where Tr() denotes the trace of (), K is defined by (17), q is the dimension of s, and T,(N/2) is
the multivariate gamma function defined as [27]

Ty (N/2)= 78012 TIr(N+1-j) (34)
j=1
Regarding the interferometric case (q=2), and expressing o as
@1 Wi
o= 35
(le a’zz} (35)

then, the multi-look phase difference A¢ is the argument of o,

My = exp(jA¢) =y, (36)
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where « is defined as the absolute value of @,,. Considering the above equations, the distribution

of z is given as
N :
Z)]=————exp-TriK ™~z (37)
L Frlice)
To determine, the multi-look phase distribution, the expression (35) is inserted into (33)
obtaining
N-2

P(a), a, A¢) =

P 1

(50115022 Z:l 2)N W .exp{—F[afa)ll +o-12a)22 —20'10'2|;/|a COS(A¢—w)]} (38)
A (NN -1)o2N o3 (1—|7/| )

Using the following changes of variable

) =w_121 u, =_“’222 e (39)
oq o5 010,
We get
N-—
- 1
P(uy, Uy, 77, Ag)= (u up ') p{ =Ly +uy —2v)y] COS(M"'//)]} (40)
rv-h-pP )L el

The multi-look phase dlstrlbutlon is derived by integrating (40) over u,,u,and v and is
evaluated as  [28]-[31]

p(ag)= TN +¥2) S, =(1_|7|2)N F(N31/2 52)
F(N) 2\/; (1_’82)2N+1/2 op 2 tWmd s
where , Fl(N ,J;J/Z,ﬂz) is a Gauss hypergeometric function [32], and g is defined by (26). In [2] and

[23], another expression, involving a finite summation based upon the characteristic function of
Fourier transform domain, is derived. In this case, the marginal pdf is

(2N - 2)' (2N -1)p
(g = fop ] |- (e

27 IN22 T(N-1/2) T(N-1-r)1+(2r+1)p°

=T(N-7/2-r) T(N-1) (1_ﬁz)r+2
The phase distribution, (40), involves the hypergeometric function, which must be calculated by
numerical quadrature. By contrast, (41) involves only a finite summation that is more convenient
for data analysis. Note that when N =1, the summation contains no terms and the distribution

reduces to the single-look case (29). Fig.4 shows the phase difference distribution tends to a Dirac
delta function as the number of looks increases.

(41)

“1(_ )+ 1 N 1
cos ( ﬁ) (1—ﬂ2)N Z(N—l) (42)

- T G L i - — = =
o -08 -06 -04 -02 0 0z 04 06 08 1
i

Fig. 4 Interferometric phase pdf for different number of look for (|y| =08,y = O).

3.3 Cramer Rao lower bound
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Here, we evaluate the Cramer-Rao lower bound (CRB) of the phase difference estimation using
the signal data model introduced previously, i.e., for a zero-mean complex Gaussian circular signal
S.

The variance characterizes the second-order statistical behaviorof an estimator, and is often used
to know its efficiency. Indeed, an unbiased estimator ¢ is efficient from a statistical point of view
when its variance reaches the minimum value. This asymptotical minimum value id defined by the
CRB [33, 34] as

var{é}z 17(0) (43)
where 1(¢) is the Fisher information matrix given by
2% InP(s;0)
16)=-Eq——>~

©) { e } (44)

where P(s;0) is the joint distribution function of sand &.
In this paper, we derive the CRB of phase difference estimator for a single-look distribution.
The log-likelihood function of (13) is

InPs (s;,s,)= const —éexp{—#(ggrf + ot} — 20,0, Re{y*sls; })} (45)
where y =|y|exp(jor), D’ :afazz(;—|y|2) and Re{} stands for the real part of {}. Note that only

y depends on the integration variable <. In addition, we suppose that we are close to the peak of
correlation. Thus, |y| does note change during the evaluation of the CRB. So, the expected value of

(45) is
2%InPg(sy,s,)| 20,0 %y .
E{ 6572 L2 }: D12 2 E{Re{?slsz (46)
Next, by evaluating the second derivation of »* and since by definition
E{slsz }: [r|oro, exp(jor) (47)
we have
2 2
E{a In PS(ZSI'SZ)}: 2 > Re{_|7/|a)2€—jwr|7/|ejwr}:_sz |}/| > (48)
or 1—|7| 1—|)/|
Finally, using the following relation between the SNR and the coherence [18]
1
= 1+ SNR™ (49)
The CRB of the time delay is
1 1
var(z)> TR [1+ ZSNR] (50)
Since A¢=wr, the CRB of the phase difference is
1 1
i P 51
var(Ag)> R (1+ ZSNR) (51)

Now, we derive the CRB of phase difference estimator for a multi-look distribution. The
same assumptions for the single-look case are considered here. This minimum variance bound is
obtained as follows

2 -1
var(z)> —{E{GILZZ(ZT)H (52)
or
First, we determine the log-likelihood function of (37)
InP, ()= const - NTr(K ‘12) (53)

where K™ is defined by (19). Evaluating the trace of the product, we get
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N *
In P, (z)=const _F(O-Zz ), +07 1y —20,0, Re{y 2, }) (54)

Note that when deriving (54), only y depends on the integration variable z. In
addition, we suppose that we are close to the peak of correlation. Thus, || does note change during
the evaluation of the CRB. So, the expected value of (54) is

%P 2N 2,"
E{ 2;(2)}= o E{Re{aa ’ Zu}} (55)

The expected value of (55) only affects to z,, since y is not random variable. In order to

determine its value, we suppose that the backscatterer signal process is ergodic. Thus, the coherence
coefficient does not depend on the observation time. The expected value of z,, is

1N * 1N * 1N .
E(le)z E{— Z Sl(k)sz(k)} = —z E{Sl(k)sz(k)}z — Z 010,y = |7|0102 exp(ja)r) (56)
N k=1 N k=1 N k=1

Evaluating the second derivation of »”, and inserting (56) into (55), we get

2 2
E{a In F;Z (Z)} __2N - Re{—|y|a)2e’j“”|y|ej”’}: —2Nw? —M - (57)
ot 1-J] 1-jy
Finally, inserting (49) into (57), the CRB of the time delay is
var(r)> 1 (1+ L j
©?NSNRU  2SNR (58)
Since A¢ =wr, the CRB of the phase difference is
1 1
wa59)2 3 i (25 ()
Conclusion

In this paper, after a general presentation of SAR interferometry, the mutual relationships between
the interferometric phase and the different parameters of the imaging geometry are presented.

The probability density function of interferometric signal, in both single-look and multi-look
cases, is derived and discussed for a data model which is based upon a zero-mean Gaussian
hypothesis. We have also evaluated the Cramer-Rao lower bound of the phase difference estimation
using the same signal data model.
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