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Abstract
In previous articles [1-7] a wide class of geometric figures — *““Generalized
Twisting and Rotated” bodies (sometimes called “surface of Revolution” see [11]) -

shortly GTRr?1 - was defined through their analytic representation. In particular cases,

this analytic representation gives back many classical objects (torus, helicoid, helix,
Mobius strip ... etc.). Aim of this article is to consider some geometric properties of a
wide subclass of the already defined surfaces, by using their analytical representation.
In previous articles [1-7] a set of the Generalized Md&bius Listing's bodies - shortly

GML],, which are a particular case of the GTR{, bodies, have been defined. In the
present paper we show some geometric properties of Generalized Twisting and Rotated
- surfaces and relationships between the set GML} and the sets of Knots and Links.
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Notations
In this article we use following notations:
« X,Y,Z, or X,y,Z - istheordinary notation for coordinates;

* 7,i,0 - are space values (local coordinates or parameters in parallelogram):

1. 7 e[z, 7 ], where 7. <7 usually are non — negative constants;
2. wel0,2rx]; (1)
3. 0¢€[0,24h], where h € R (Real);
But sometimes, as a special case, we suppose that
T€e [—T* : T*] (1*)
* P, =AA... Ay - denotesan “Planefigure with m-symmetry”, in particular P,, isa
““regular polygon" and m isthe number of its angles or vertices. In the general case the edges of
“regular polygons' are not always straight lines (AjA .1 may be, for example: edge of epicycloid,
or edge of hypocycloid, or part of lemniscate of Bernoulli, and so on) (see e.g. Fig. 1f);
* PRy =AA... AnAlA, ... A, denotes an orthogona prism, whoseends AjA;... Ay,
and AJA;... Ay, are“Plane m-symmetric figures’ Py, (see e.g. Fig. 1b);
For example:
- PRy -isasegmentand P, isapoint;
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- PR; - is an orthogonal cylinder, whose cross section is a P, - plane figure without

symmetry;
- PR, = AAAA, isarectangle, if P, = A/A, isasegment of straight line; but also PR,

maybe a cylinder with cross section P, (ellipse, or lemniscate of Bernoulli and so on);
- PR, -isanorthogonal cylinder, whose cross sectionisa P, -circle.
x=p(r.y), z=q(r.y) )
or
x = p(zr.p)cosy, z=p(zy)siny (2%)

are the analytic representations of a “Plane figure with m-symmetry” P, , usualy
p(0,0) =g(0,0) =0 and the point (0,0) isthe center of symmetry of this polygon (see [1-5]).

For example, when the function p(z,y) in formula(2*) has the form
m-1
p(z.y) =72 ev —yi), ()
i=0
where the arguments 7 and w are defined in (1); w; €[0,27) are some constants for each

i:].,m—l,With Vi ;"—'l//J if 1 j,and
0 if yw=y;
1 if w=y;,

then the corresponding plane figure P,, (sometimein thisarticle Pn:) Is:

E(V/—Wi)f{

1. a“simple star” with m “wings’ or “vertices’ when 7+ =0 (seee.g. Fig. 1.a) i =0,6);
2. aset of m segments of straight lines lying on the radiuses of a circle centered at the origin
when 7 >0 (seee.g. Fig. 1.e)).
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) 27 . x .
Conclusion 1. In the case when y; E—m,l =0,m-1, then R, isa“Regular simple star”
m

(seeFigs. 1b.,d., c.);
e if m=2 and 7. =0, then (2) isarepresentation of P, (seeeg. Fig. 1.c.)), whichisa
segment of straight line [—r*,r*] . Inthis particular case we set
p(r.y) =7 (2**)

where the “argument” 7 %tisfies(l*) ;

* D(p,q) or D(p) - diameter of planefigure Py, ;

* 00" - axisof symmetry of the prism PR,;

e L - Family of lines situated on the plane, whose parametric representations are

Lpz{xg_flff”e) pel0,p), 0e[02z], hez 3)
= f2(p.0)
or
: {x (0.0) = py(6) cosO @
P Y(p,0) = p2(0)sing
We assume the following hypotheses:
i) For any parameters pq, P e[O,p*], pL# po, the lines Lp1 and L have not

P2
intersection.

i) If L, isaclosed curve, then for every fixed pe[O,p*] f; - are 2p-periodic
functions f;(p,0+27) = f;(p,0),(i1=1,2).

e g(0) - bean arbitrary sufficiently smooth function

g(@):[0,2hz] > [0,2h7] (4
andif h =1, thenfor every ® €[0,27] thereexists 8 €[0,27], suchthat ® = g(60);

e mod,,(n) - natural number <m; for every two numbers me N (natural)and neZ
(integer) there exists a unique representation n = km+ j = km+mod,,(n), where k e Z and
j=mod,(n) e N U{0};

n/m, when meN and neZ
° u= { _ (5)
n when m=o and neZ (orneR (Red))

* Generalized Twisting and Rotated bodies - shortly GTR/, (sometimes called “Surfaces
of revolution” seeg[11]) are defined by the parametric representations:

X (z,y,0) = f,([R+ p(z,y) cos(zg(0)) - q(z, ) sin(1g(6))},0)
Y (zr,w,0) = f,([R+ p(z,w) cos(g (6)) - a(z,w) sin(g (9)) ], 6) (6)
Z(z,y,0) =Q(8) + p(z,w) sin(ug (8)) + q(z,v) cos( g (6)),

or
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X (z,w,0) =[p(6) + p(z) cos(y + g (0))]cos(0)
Y (r,,0) =[p,(8) + p(z) cosly + 19 (6))]sin() (6*)
Z(z,y,0) = Q(8) + p(z)sin(y + 1g(9)),

where, respectively:

- thearguments (z,y,0) aredefinedin (1);

- thefunctions f; and f, or p(6) and pp(6) in(3) or (3) definethe Ly “Shape
of plane basic line”’, more precisely “Shape of orthogonal projection on the plane XQOY of the basic
line” of corresponding body (see e.g.: circlein — Figs. 2b, 2c, 2g; ellipsin — Fig. 2e; spiral in —
Figs. 2d, 2f, 2i and squarein—Fig. 2h. );

- R isasome fixed real number, which defines the “Radius” of the“plane basicline” Lg;

- Functions p(z,) and q(zr,r) or p(r) in(2) or (2*) define the “Shape of the
radial cross section” of corresponding figure. In genera case this functions may be depends from
arguments i (see for example (2) ) and @, i.e. “Shape of the radial cross section” depends from

the “place” of this cross section (see e.g. Fig 2i.);
- Thefunction g(¢) from (4) definesthe “Rule of twisting around basic line”;

- Thenumber u in (5) definesthe “Characteristic of twisting™;
- Q(#) isasmooth function which defines the “Law of vertical stretching of figure”.

Therefore, this parametric representation defines a GTRQ] body (some examples are shown

in Fig. 2) with the following restrictions:
1) The OO’ -axis of symmetry (middle line) of the prism PR,,, istransformed into a “Basic

line” (sometimes called “Profile curve”) - (Lg,Q(8));
2) Rotation at the end of the prism (2) or (2* ) is semi-regular along the middleline OO’, or

the twisting of the shape of radia cross section around the basic line is semi-regular (depending
from g(@) ).

« Generalized Mébius Listing's body - shortly GMLY, - is obtained by identifying the
opposite ends of the prism PR,, insuch away that:

A) For any integer neZ and i=1,...,m each vertex A  coincides with
A= A{nodm(i+n) ,and each edge AjA,; coincideswith the edge

A+nAn+1= Anod _ (i-n)Amod . (i+n+1)
correspondingly;
B) Theinteger neZ denotes the number of rotations of the end of the prism with respect
to the axis OO’ before the identification. If n >0, the rotations are counter-clockwise, and if
n<0 then rotations are clockwise. Some particular examples of GML), and its graphical

realizations can befoundin [6,7] (seee.g. Fig2e).
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Conclusion 2. We can assert that:

a) The GMLY, body is a particular case of the GTR} body.

b.) The basic line Ly of a GML), body, is always a closed line and the number 4 is such
that the boundary of this body is a closed surface (see [6]).

c.) Thefunctions f1, fo, p1(0),02(8), Q(@) in parametric representation (6) and (6*) of
a GML}, body are dways 27 -periodic functions (see e.g. Fig. 3a) or Q(#) =0, (some examples
areshown in Figs. 3).
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bodies are reported in [3-7].

n
m

Some additional information about the classification of GRT,
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Il. - Some Geometric properties of a “Regular” GI\/IL% surfaces.
In this part of our article we study some geometric characteristic of a " "Regular" Generalized

Mébius-Listing's surfaces GML}, with circle as basic line. This means that the parametric

representations of these surfaces (6) or ( 6 ) have the following simple form

X(z,0) = {R +7 cos(z// - n—;ﬂ cos(6)
Y(z,0) = {R +rco{y/ +%ﬂsin(6’) @

Z(r,0) = rsin((// +n—29j,

where, respectively:
- R-radius of basic circle - is constant (see e.g. Figs. 4a., 4b., 4c.);
- In the genera case (6) 7, defined in (1), is variable, but now, according to the notation

(2**) (Corollary 1.), the argument = aways belongs to the interval [—r*,r*], see (1*) where

7 <R is some non-negative constant. So that, when n =1 formula (7) is the classica (well
known) form of analytic representation of the Mdbius strip ([7],[11]). Actually, 2r" isthewidth of
the surface GML3;

- thevariable @ isdefinedin (1) andinthiscase h=1,i.e. 8 €[0,2x];

- The“rule of twisting around basic line” is “Regular”, i.e. the function, which is defined by
eq. (4)is g(@)=0;

- n - the “Number or twisting” of GMLrZ' - isan arbitrary integer number, i.e. the number
defined by eq. (5) is 12 =n/2 (see e.g. n=1- “M0bius strip” Fig. 4a; n=2 Fig. 4b; n=14 Fig. 4c;
n=6 Fig. 4d; n=0- Figs. 4e, 4f, 4q, 4h, 4i, 4}.);

- inthe present case, i is aconstant defined in (1) (but when n =0, the number y in eq.
(7) defines even the type of the corresponding surface, for example: if =0 , then the “Regular”

Generalized Mdbius-Listing's surfaces GML%, with basic lineacircle, isaRing (R > r*) (see. eg.
Fig. 4€) or Disk (R =7 )(see. e. Fig. 4g), and if v = % then GMLY is a cylinder (see. e.g. Fig.

4h), in other cases these surfaces are cones or truncated cones (see. e.g. Fig. 4i) (see [3-6])).
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+

Remark 1 Note that:
a.) For every integer number n eq. (7) defines a one to one correspondence between the strip

[-7 .7 ]x[0,27) and the surface GMLY.
b.) If n isan even number, then each function (X,Y,Z) in the representation (7) isa 27 -
periodic function of the argument &.
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c.) If n isaodd number, then each function (X,Y,Z) in the representation (7) is a 4r -
periodic function satisfying the following properties (M 6bius property, see[8])
(X(z,6+27);Y(z,0 +27);Z(z,0 + 27)) = (X (~7,6);Y (7,6); Z(~7,0)). (M*)

According to the representation (7), the tangential vectors of the “Regular” Generalized
Mobius-Listing's surface GM Lg , With circle as basic line, are correspondingly

re= {cos(z// +n_2¢9j COS(@);COS(I// +n—2‘9jsin(¢9);sin(l// +n_249)} (8)

and

_|R +rco{w +%j sin(o) —%Sin(w +%)cos(9);

ro = R+rcos(l//+n—29j cos(e)—%sin(z//+n—29jsin(0); | ©
‘ éco{ )
2" V"2

It is easy to check, that the scalar product of these two vectors (8) and (9) is
(rz,re) =0.

Remark 2 For any integer number n two tangential vectors of a regular GMer', with circle

as basic line, are always orthogonal, i.e. the local system of coordinates (z,8) in this surface is
an orthogonal system.

Also we may check that

o(x,y) _ nog no\
3(z.0) = {R+rcos(z//+7ﬂco{z//+7j,
n

ke Bt 2en
2.2 {R rraoy +n—2‘9ﬂsin((w +17Joosto) + 3 no);

and the modul e of the vector product of these two vectorsis

- - 2 2
|rzxrg |:\/{R+rcos(y/+%ﬂ +(an) : (11)

Therefore, the unit normal vector of a ““Regular" Generalized Mébius-Listing's surfaces GML3,
with circle as basic line, has the form
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—{R+rco{w+rfﬂsin(y/+n;jcos(0)+n;sin(0).

) |
\/{R+rco{w+ 2 ﬂ A
—{R+rco{y/+rfﬂsin(guﬂflsin(e)—rzcos(e).
v(r,0) = i
v(.0) \/{R+rco’{l/l+ﬂ (nT) t
2 4
R+rc {w+9j}co{y/+ngj
2 2
2
\/R+rco QH +M
2 4

Remark 3 Note that:

a) If n isan even number, then the unit normal vector v(z,6) isa 2z -periodic vector and
consequently the GI\/IL'% body is a two-sided surface; i.e. to each point of the GML’% corresponds
one (external or internal) normal vector of this surface;

b.) If n is a odd number, then the unit normal vector v(r,) is a 4z -periodic vector
function, with the M 6bius property

v(r,0+2r7) =—v(r,0) (M**)
so that the GML} is a one-sided surfaces; i.e. to each point of the GML) surface correspond two

normal vectors to this surface and, by the geometric point of view, it isimpossible to “distinguish”
the external from the internal normal vector to this surface.

The first fundamental form of a regular generalized M6bius-Listing's surfaces GML%, with

circleasbasic line, is given by
E(z,0) =1,

F(z,0)=0; (13)

_ (nf)
G(r,@)—{R—kTCOS(w—k?ﬂ 2

so that, it isvery easy to see that

Remark 4 Each point of the corresponding surface (7) is regular, i.e, for each point (z,6)
the corresponding forms satisfy the conditions: E(z,8) >0, G(z,0) >0 and EG-F 2>0.

The second fundamental form of a regular generalized Mébius-Listing's surfaces GML},
with circleasbasic line, is given by
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L(z,0) =0;

M (z,0) = nR

2\/[R i TCO{l/f i Zﬂ (nz)
{R+¢C&{W+2j} m;) gn( n@)
J{R sroody o0 00

So that we may rewrite the mean and Gaussian curvatures of aregular GML}, with circle as basic
line, in the form

(14)

N(z,0) =

{R+rco{gy+ > H (n;)
H(z,0) = 3Sin l//+n—6'j

22 2 (15)

{R+rco{w+ H (m)

2 4

and
252

K(z,0) = —n°R . (16)

{{Rﬂm{ww;ﬂifznzf

Remark 5 Each point of Regular generalized Mobius-Listing's surfaces GML’%, with circle

as basic line, is:
a.) Hyperbolic (saddle) point if the number n = 0, i.e. dways K(z,60) <0;

b.) Parabolic point if the number n=0, i.e. dways K(7,6) =0 ;

I11. - About some geometric properties of some subclasses of surfaces GTRS
In this part of the article we consider some cases “of non-regular” Generalized Twisting and

Rotated surfaces GTRS and their geometric characteristics.

A.) The “Rule of twisting around basic line” is non-regular and the “basic line” is a

circle. In this case the parametric representations (6) or (6*) of a GTRS surface are “similar” to eq.
(7), and have the following form:

X(z,0) = {R +7 cos(y/ + ng;@)ﬂ cos(#)

Y(r,0)= {R +7 cos(z// + ngé@) ﬂ sin(é) (17)

Z(r,6) = Q(6) + m‘n(l/f + ”gég)j,
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where, respectively every variables and constants appear in representation (7), but

- R=const. - “Radius of plane basic circle’” - or more precisely radius of orthogonal
projection of the basic line;

- Theargument 7 isdefined in (1*);

- Thevariable @ isdefinedin (1) and h isan arbitrary real number;

- g(@) - “Ruleof twisting” - is an arbitrary function, defined in (4),

- Q(O) - “Law of vertical stretching of figure” - is an arbitrary smooth function, satisfying
the conditions:

a. Q(O)isa2r - periodic function or Q(#)=0;
bi. |Q(+27)-Q(8)|>2r , for each & or Q(6) =const.= 0 (18)
b.ii. Itisanincreasing (or decreasing) function., i.e.Q'(8) >0 (or <0).

Remark 6 Note that:
a.) For every integer number n and for sufficiently smooth functions g(8) and Q(#), with

condition (18), eg. (17) defines a one to one transformation of the strip [—r* , r*] x[0,2h7x) into the

corresponding surface GTRS; i.e. the condition (18) guarantees that the body GTRS have not
self-cross points;
b.) 27hR isthe “length” of the basic line of the corresponding GTRS body;

c.) If the number h e (0,1), then the corresponding GTR) body is always a non-closed
body;
d.) If the number h=1, and:
1. If Q(8) =0 isa 2 -periodic function, then eq. (17) defines a representation of a non-

regular GMLY, with space basic line closed.

2. 1f Q(0) =0 , then eq. (17) defines a representation of a non-regular GMLS, with
circleasbasic line.
3. If Q(f)=const.=0 or Q(#) is a non-2x -periodic function, with the condition

(18), then the corresponding GTRS isa“Helix surface”, so that it isanon-closed curve;

e.) If the number h > 1, then necessarily Q(&) = const. = 0 or Q(#) isanon- 2z -periodic
function, with condition (18). Under these restrictions, eq. (17) defines a representation of a class of
“Helix surfaces' without self-crossing points (by condition (18)), i.e. the basic line of the
corresponding GTR, body is a Helix and its surface has not self-crossing points;

f.) If n isaeven number and g(#) and Q(#) are a 2x -periodic functions, then each
function (X,Y,Z) intherepresentation (17) isa 27 -periodic function of the variable 4.

g) If n is aodd number and and g(#) and Q(¢) are a 2z -periodic functions or
Q(8) =0, then each function (X,Y,Z) inthe representation (17) is a 4 -periodic function of the
argument €, with the property (M*).

According to the representation (17) the tangential vectors of these surfaces have
correspondingly the following forms:

re= {co{y/ + —ngz(e)jcos(ﬁ); COS(l// + %@)sin(e); Sin(vf + &ée))} (19)

and
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- {R ' rco{t// ' ”gé‘g)ﬂs'n(e) —%@g n(y/ ; ngég)jcos(e);

ro= {R+rcos( ng (0 )ﬂc S(6) — g (9) (W+&2(0)jsin(9); : (20)

mgz(é?) coS v + gz(e)j +Q'(0)

According to the formulas (19) and (20), it is possible to check that the scalar product of the
tangential vectorsis

(r: ,r9)=Q'(0)s n(w + ”gée)j 21)

Remark 7 If Q'(8) =0, then for any integer number n two tangential vectors of the

corresponding surface are always orthogonal, i.e. (z,6) - the local system of coordinates in this
surface - is an orthogonal system, i.e.

a) Q(#) =0 - regular or non-Regular generalized Mobius-Listing's Surfaces GML%, with
circleasbasic line, see Remark 2;

b.) Q(@) = const. - Helix surfaces with constant vertical stretching.
Also, by calculation, is possible to see that

ol g
25 2; = —{R +7 cos( n9 )ﬂ (1// + ngée)Jsin(e)

{mg ©) -Q'(9) cos( ng 9) H cos(6); (22)
S|y H (v
o(r,0)

{ 9 )+Q (e)cos( ng( )ﬂsm(e)

and correspondingly, the modul e of the vector product of these two vectorsis

2 , 2
| rexro = \/{R + rcos(y/ + ngz(é’)ﬂ + {mgz(é’) +Q'(0) cos(y/ + ngé&)ﬂ . ()

So that, from the structures of the normal vector (22)-(23) of the surfaces (17), it is clear that

j cos(6)

Remark 8 The following properties hold:

a) If Q(@) =0 and Q(#) isanon-2x -periodic function, then for any integer number n
the corresponding Helix surface is atwo-sided surface;

b.) If Q(8)=0 or Q(O) isa 2x -periodic function, then the corresponding Generalized

Mébius-Listing's surface GML} is a two-sided surfaces (the unit normal vector is a 27 -periodic
function);
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c) If Q(8)=0 or Q(#) isa 2x -periodic function, then the unit normal vector is a 4r -
periodic function, with the property (M**), so that the corresponding Generalized Mébius-Listing's

surface GML} isaone-sided surface;

The first fundamental form of this class of surfacesis given by

E(zr,0) =1,
F(z,0) ZQ'Sin(l//-l- ngz(é’)j;

2
G(r,e){mrco{w”gf)ﬂ +Q'2(e)gn2[y/+_”9§9>j @

' 2
. {(mgz(e)) L 02(0) CO{W 190 ﬂ |
S0 that

2 , 2
EG-F2= {R + rco{w + ngZ(H) H + {(mg—zw))+ Q*(0) COS(!// + ngé@)ﬂ . ()

Remark 9 Each point of the corresponding GML% surface (17) is a regular point.
The second fundamental form of this class of surfacesis given by

L(z.0) =0,
nRg'(0) — Q'(0) co{l// s ”959 )j

-
B 1 e ng()\]* . ng (&)
N(T,H)—ﬁ R-I-Z'CO{I//-F > ) Sln(l//+ 5 ) (26)

+ {R +7 cos(‘// + ngée)ﬂ{ng;(g)) +Q"(6) Cos(l// n ng;@)ﬂ
g '(0){’9 '2(9) +Q'(0) co{y/ + ”gé‘g)J S n(y/ + ”gé‘g) ﬂ}
Furthermore, we may rewrite the mean and Gaussian curvatures of this class of surfaces
| Ra'0) - 0rc0d )T

[EG -F 2]2
From the explicit form of Gaussian curvature it is clear that

M (z,0) =

K(zr,0) = (27)

Remark 10 The following properties hold:
a) Each point of this class of GTRS surfaces, defined by eq. (17), is parabolic or
hyperbolic (saddle) point;
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b.) If the function Q(&) = const., then the surfaces of this class have only saddle points
(seedso Remark 5.).

B.) The “basic line” is an ellipse and the “Rule of twisting around basic line” is
regular.

Even in this case the parametric representations (6) or (6*) of the GTR, surfaces are
“similar” to egs. (7) or (17) and have the following form:

X(z,0) = {Rl + rcos(w + %ﬂ cos(6)
Y(r,0) = {RZ +7 cos(y/ + ”—;ﬂgn(e) (28)
Z(2,0)=Q(0) + fgn(y/ +%},

where every variables and constants are respectively given by (7) and (17), but
- Ry and R, - the radiuses of the “basic ellipse”, (more precisely of the orthogonal

projection on the plane XOY of the elliptic basic line) - are constants;
- The "Rule of twisting around basic line" is regular, i.e. the functions defined in (4) are

givenby g(0) =06 ;

- Q(@) - the “Law of vertical stretching of figure” — is given by an arbitrary smooth
function, satisfying the condition (18) for each &, when the function Q(y) is a non- 27z -periodic
function.

Remark 11 For the GTRS surfaces, with representation (28), all the items of Remark 6 are

still valid. The only difference between these two cases is determined by the difference between

“plane basic lines™ (3).
According to the representation (28), the tangential vectors of these surfaces have
correspondingly the following forms:

re= {Co{l// - %j cos(); CO{I// + n—zejsin(ﬁ); sin('// +n—2€j} (29)

which are identic with (8). Furthermore, we have

- _Rl + TCO{I// + %ﬂsin(é’) —%S'n(vf + %)COS(Q)?

A2

(30)

re = R, +rcos(y/+n—2'9ﬂcos(9)—§sin(z//+n—29jsin(0);

m ne
—CO! +— |+ K'(8
5 {l/f 2) )

which is similar to eq. (9). According to egs. (29) and (30,) it is possible to check that the scalar
product of the tangential vectorsis given by

(Fe.70) = (Ry— Rl)cos(y/ +”—2‘9jgn(e) cos(6) + Q'(0)s n[n// ; %} (31)
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Remark 12 The local system of coordinates (z,8) on the surface (28) is orthogonal (two
tangential vectors of the corresponding surfaces are orthogonal), only if the following conditions
hold: Ry =R, and Q'(#) =0, i.e.

a if Q(#) =0 and the plane basic line is a circle, this is the case of aregular generalized

Mobius-Listing's Surface GML’% with circle as basic line - see Remark 2;

b. if Q(@) =const. - Helix surfaces with constant vertical stretching, and with circle as
projection in the plane XOY of itsbasic line - see Remark 7.
Furthermore, by calculation, it is possible to see that, in this

oxy) {Rl sin?(0) + R, cos?(0) + 1 COS(!// + n—;ﬂ COS(I// + n_zﬁj’

o(z,6)

ol )l ZJonn-

— E +Q’ cos(w + n—;ﬂ cos(6) (32)
el Lol Efn

+ {g+ Q’co{z// + %ﬂsin(@)

and correspondingly, the module of the vector product of these two vectorsis

2
< = ng
|rzxro |2: {Rlsi n2(0) + R, cos?(0) + Z'CO{l// +—ﬂ
? (39

2
+ {(Rl ~R,)s n(z// + n—zgjsi n(@) cos(0) + g +Q'(6) cos(y/ + %ﬂ :

So that, from the structure of the normal vector (see (32)-(33)) of the surface (28), it is possible to
see that

Remark 13

a)lf Q(@) =0 and Q(#) isanon- 27z -periodic function, then for any integer number n
the corresponding Helix surface is atwo-sided surface;

b.) If Q(0)=0 orisa 2 -periodic function, then the corresponding Generalized M bius-

Listing's surfaces GML), is a two-sided surfaces, i.e. the unit normal vector is a 27 -periodic
function;
c.) If K(8)=0 orisa 2r -periodic function, then the corresponding Generalized Mobius-

Listing's surfaces GML% is a one-sided surfaces, i.e. the unit norma vector is a 4 -periodic
function with properties (M**);
The first fundamental form of this class of surfacesis given by
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E(r,0) =1
F(z,0)=(R, - Rl)cos(z// + n—;jsin(e) cos(0) + Q'(0) sin(z// + n—;]

2
G(z,0) = {Rl sn2(0) + Ry co2 (0) + 7 cos(y/ + ”—z‘gﬂ (349
né no ? né né ?
+ {(R1 —R,)sin(6) cos(0) + 7sin(1// + ?ﬂ + {7 co{c// + ?j + Q'(H)}
and after identical transformation it is possible to write
2
EG-F?= |:Rlsi n2(9) +R, cosz(é’) + Z'COS(I// +ﬁj:|
? (3

2
+ {(Rl ~Ry)s n(t// + n—zgjsi n(&) cos(d) + g +Q'(0) cos(y/ + %ﬂ .
Now, from the explicit forms (34) and (35), it is easy to deduce that

Remark 14 Each point of the corresponding surface (28) is regular, i.e, for each point
(z,0) the corresponding forms satisfy the conditions: E(z,8) >0, G(z,#) >0 and

EG-F2?>0;
The second fundamental form of this class of surfacesis given by
L(z,0) =0;

M (r,0) = ——

ﬁ{g[&gnz(e) +R, 0052(9)]"‘ Q,(Q)CO{'// + %)

+(R, — Rl)sinZ(y/ + %jsinZ(e)}

1 ne
N(7,0) = —= HR + cos( +—Hx
’ \/EG—FZ{ R (36)
x{R +Z'COS(!// +n_9ﬂ+ n°c® —Q’sin(z//+n—6j sin(w+n—9j+
2 2 2 2 2
+ %(RZ - Rl){n {1— ZSinZ(l// + n_zeﬂ +Q’'(0) cos(z// + n—;jsin(Zé?)}

+Q”(9){ng n*(6) + Ry cos™(6) + TCO{W + %ﬂm{w + n_zgj}

Therefore, we may rewrite the mean and Gaussian curvatures of these class of surfacesin the form

K(z,0) = ——t 070 (37)

From the explicit form of the Gaussian curvature it follows that

Remark 15
Each point of a GTRS surface of this class (28), is ahyperbolic (saddl€) or parabolic point;
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If Q'(#) =0, then each point of a GTRS surface of this class (28), is a hyperbolic (saddle)
point; i.e.:
1.if Q(#) =0, then the corresponding GML} surfaces have only hyperbolic points;

2. if Q(#)=const.>0, then the corresponding “Helix" surfaces (28), have only
hyperbolic points,

C.) The “basic line” is some line and the “rule of twisting around basic line” is
regular. In this case the parametric representations (6) or (6*) of the corresponding surfaces, have a
form “similar” to egs. (7), (17) or (28):

X(zr,0) = _R(Q) +7 cos(y/ + n—;ﬂ cos(é)

Y(z,0) = _R(e) +7 cos(z// - %ﬂsin(&) (38)

. né
Z(T, 9) = Q(@) + Tsn(w + 7),

where, respectively every variables and constants are the same appearing in egs. (7), (17) and (28),
but:

- R(O) = p(0) = po(6) - i.e. “Radius’ of plane basic line Lg, in eq. (3*) -isa
sufficiently smooth function R(8) > 7 >0, satisfying the conditions:

I. R(@)isa2x — periodic function or R(#) = const.
or
. . (39)
. |R(@+27)-R(O) > 2r

- g(@) =0 - function defined in (4), i.e. “Rule of twisting around basic line” - isregular;

- Q(O) - “Law of vertical stretching of figure” - is an arbitrary smooth function, satisfying
the condition (18).

Remark 16 Note that:
a) For every integer number n and for sufficiently smooth functions Q(#) and R(6),
with conditions (18)and (39), egs. (38) define a one to one transformation between the strip

[—r* : r*] X[0,27h) and the corresponding GTR, surface; i.e. the corresponding surfaces have not
self-cross points;
b.)If 0<h<1and R(#) satisfiesthe condition (39), then the basic line is a non-closed

line and consequently the corresponding GTRS surfaces are non-closed;
c)If h=1and Q(8) =0 or Q(¥) isa 2x -periodic function and :
1. R(9) =const.>7 >0 or R(0) isa 2 -periodic function, then the basic line of
figureisaclosed line and egs. (38) define a corresponding GML% surface;
2. R(0) is adtrictly decreasing or increasing function with condition(39), then egs.
(38) define a GTRS surface, which isa "Rolling-Winding" surface; In this case the basic lineisa
planespiral Lg if Q(&) =0 and aspace spird if Q(¢) isa 2z -periodic function;
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3. In the opposite case for the function R(8), egs. (38) definea GTRS surface, which
has self-crossing points, i.e. the relation (38) does not define a one to one correspondence between
the points of the strip [—2'* ,2'*] x[0,27h) and the corresponding GTR, surface;

d) If h>1and Q(8)=const.#0 or the function Q(#) is non- 27z -periodic function
satisfying conditions (18) and:

1. R(@) =const.> z >0o0r R(6) isa 2 -periodic function, then the basic lineis a

helix line and the corresponding GTR, surfaceisa“Helix surface”;
2. R(O) isasdtrictly decreasing or increasing function satisfying condition (39), then
the corresponding GTRS are “Cochlea surfaces”;
e) If n is an even number, R(f) and Q(O) are a 2rx -periodic functions, then each
function (X,Y,Z) inegs. (38) isa 2x -periodic function of 4.
f.) If n isan odd number, R(#) and Q(&) are 2 -periodic functions, then each function
(X,Y,Z) intherepresentation (38) isa 4 -periodic function of &.

According to egs. (38), the tangential vectors of these surfaces have correspondingly the
following forms:

re= {co{w + n_zej cos(0); co{w + n—zejsi n(e); s n(vf + n_26? } (40)

(inthiscasei_sidenticto(S),(29)) and . )
- R(<9)+TCOS(1//+%) gn(e){R'(e)—ggn(w%j cos(6):

re = R(0)+rcos(n//+n—29)_ cos(H)+{R’(0)—gsin(z//+n—;ﬂsin(9); . (40)

m no
—cog w+— |+Q'(9).
> {t// > ) Q'()
According to egs. (40) and (41) it is possible to check that the scalar product of the tangential
vectorsis given by

(r-,ro) =R'(9) co{l// +n_2¢9J +Q'(0)s n(w + n_26 ) (42)

Remark 17 The local system of coordinates (z,8) on the surface (38) is orthogonal (two
tangential vectors of the corresponding surfaces are orthogonal), only if the following conditions
hold: R(&) =const.,and Q'(#)=0; i.e.

a. if Q(#) =0 and the plane basic line is a circle - case of Regular generalized Mobius-

Listing's Surfaces GML} with circle as basic line - see Remarks 2 and 16;

b. if Q(8) =const. - Helix surfaces with constant vertical stretching, and with circle as a

projection of basic linein the plane XOY - see Remark 7.
Also, by calculation, is possible to see that, in this case
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—28(;; = {R(Q) + Z'COS((// +n_26?ﬂ CO{!// + n—;j

—282 = {— {R(Q) ¥ rco{w +n—29ﬂsin(6?) +R(6) COS(B)}Sin(v/ ¥ ”—29)

m , né
{E+Q co{w +7ﬂ cos(d), (43)

% _ {_{R(e) ; TCO'{I,// +”—2‘9ﬂcos(e) _ R’(H)sin(e)}sin(w +“_2f9J

—{%+ Q’cos(z// +n—20ﬂsin(0),

and correspondingly, the module of the vector product of these two vectorsis

|[rexro|=

2 2 (44
\/|:R(0)+TCO{W+%):| +{Q'(¢9)cos(z//+n—29j—R'(H)sin(t//+¥j+%} :

So that, from the structure of the normal vector (see (43)-(44)) of the surface (38), it is possible to

see, that

Remark 18
a)lf R(#) and Q(#) # 0 are non- 27 -periodic functions satisfying the conditions (18)

and (39), then for any integer number n the corresponding Helix or Cochlea surfaces are two-sided

surfaces,
b.) If R(A) and Q(#) # 0 are 2 -periodic functionsor Q(F) =0 and

1. n isan even number, then the corresponding surface GI\/ILE is a two-sided surface

(the unit normal vector isa 2z -periodic vector function);

2. n isan odd number, then the corresponding surface GMLY} is a one-sided surface,

i.e. the unit normal vector isa 4 -periodic vector function with property (M**);

s0 that

The first fundamental form of this class of surfacesis given by

E(r,0) =1,
E(z.0) = R'(0) co{y/+n—29j+Q’(9)sin(t//+n—20j;

2 2
G(zr,0) = {R(H) + TCOS((// +%ﬂ + {R’(g) —%si n(l// +%H (45)

+ {Q’(é’) + ﬂCo's(w + Eﬂz
2 2
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2
EG-F? ={R(6’)+rco{y/+%ﬂ +

+ P _R'() sin(l// + ”—ej + Q’(H)cos(z// + ”—eﬂz
2 2 2

(46)

Remark 19 Each point of the GTRS surfaces of this class (38) is regular, i.e. for each point
(r,0) the corresponding forms satisfy the conditions: E(z,8)>0,G(7,6)>0 and
EG-F?>0;

The second fundamental form of this class of surfacesis given by

L(z,0) =0;

M(z,0) = !

—X
VEG - F?

X {? + {R’(&) sin(y/ - n_26?] - K'(0) cos(:,// + %ﬂ cos(z// + n_zé?)}
N(z,0) = !

VEG-F? ’
X {R(@) +7 CO{l// + ”—;H{R(e) +7 co{z// + n_2z9j — R”(@)}sin(z// + n_;j 4
+2{R’(¢9) — n—zrsin(y/ + %H{R'(G) sin(y/ + n_zej -Q'(0) cos(y/ + n—zej - n_zr}}

Therefore, we can rewrite the mean and Gaussian curvatures of this class of surfacesin theform

2
— { nR(0) + {R’(e) s n((// + m9) -Q'(9) CO{(// + mgj}cos(y/ + neﬂ
2 2 2 2
K(z,0) =

. (48)
[EG ~F 2]2
From the explicit form of Gaussian curvature it is clear that

(47)

Remark 20

a.) Each point of the surfaces GTRS of this class (38), is a parabolic or hyperbolic (saddle)
point.

b.) If Q(#)=const. and R(&) = const., simultaneously, then the surfaces of this class
have only saddle points.

D.) “Tori” and “Helix bodies” surfaces, with regular "rule of twisting around the basic

line". In this the case parametric representations (6) or (6*) the corresponding surfaces, have
“similar” formto egs. (7), (17), (28) or (38):

X(w,0) =[R +z(y) cosly + p6)]cos(d),
Y (y,0) = [R+1(y)cosly + u6)]sin(6), (49)

Z(y,0) =Q(6) +z(w)sin(y + ),
where, respectively every variables and constants are the same appearing in egs. (7) and (17), but
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- g(8) =0 -function definedin (4), i.e. “rule of twisting around basic ling” - isregular;

- Thenumber u - isdefinedin (5);

- Thevariables i and @ are defined in (1);

- The “Basic ling” or more precisely the orthogonal projection on the plane XOY of the

basic lineisacircle, withradius R ;
- 7(w) - “Shape’ of radia cross section of bodies - is 27 -periodic function, satisfying the

condition
0<z(y)<t (50)

and the corresponding lines (2) satisfy the “stars’ condition;
- Q(@) - “Law of vertical stretching of figure” - is an arbitrary smooth function, satisfying

the condition (18) for each @, in the case when the function Q(€) is non- 27 -periodic function.

Remark 21
a) For sufficiently smooth functions z(y) and Q(8), satisfying the conditions (18) and

(50), egs. (49) define a one to one transformation between the strip [0,27) x[0,27h) and the
corresponding surface; i.e. corresponding surfaces have not self-cross points;
b.) If Q(8) =0 or Q(#) is 2x -periodic function then for every integer number n formula

(49) isaanalytic representation of GTR) surfaces, which in this case are:

1. Classic regular torus or Dupin's Cyclide, when ¢ =0,

2. “Winding torus’, when u # 0,

3. Classic regular torus, for any admissible number 4 if the function
7(yw) =const. < R. In this case, difference between these toruses, with different number «, is a
only different angles between the coordinate lines of the corresponding local coordinate system

v.0);
c) If Q(0)=0 and Q(6) it is non-27 -periodic function, with condition (18) then for

every real number  the formula (49) isaanalytic representation of ~"Helix" bodies surfaces;
According to the representation (38) the tangential vectors of the GTR) surfaces in this
case have correspondingly the following forms:
~ [[F'@) cosly + ub) ~z(w) sin(y + ub)]cos(6);
ry =<[z'(w) cos(y + u6) — r(yw) sin(y + ud)]sin(0); (51)
T'(w)sin(y + u6) + 7(y) cos(y + uo).
and
~ [~[R+ ) cosly + u0)]sin(6) - ur(y)sinly + 18)cos(6);
ro =< [R+z(y)cosly + ub)|cos(6) - ur(y)sin(y + uo)sin(6); (52)
() cosly + 160)+Q'(6)

According the formulas (51) and (52) it is possible to check, that the scalar product of the
tangential vectorsisa

(ry .10) = uz () +Q'(O)(z'(w)sin(y + u6)+ z(y)cosly + ud)).  (53)

Remark 22 The local system of coordinates (y,6) on the surface (49) is orthogonal (two
tangential vectors of corresponding surfaces are orthogonal), only when simultaneously: n =0
and Q'(A)=0;i.e.

a. if corresponding surfaceisaDupin's Cyclide, Q(&) = 0 and number of winding « =0;
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b. if Q(#) = const. - Helix surfaces with the constant vertical stretching, with the circular
projection of basic line in the plane XOY and without winding of the radial cross section around
thebasic ling, i.e. number 1 =0;

Also, according to the calculation, it is possible to see, that in this case

—2((1/);’ é)) = [R+z(w) cosly + ub)[z'(v) cosly + ub) - r(w)sin(y + ub),
2((1/21 );)) =—[R+7(y) cosly + ud)|7'(y) sSin(y + 1)+ z(y) cosly + ub)sin(6)

~urp)e'(w) + QT ) cosly + u6) - () sin(y + u6)Jcos(6), (54

2((;, 2)) =—[R+z(w) cosly + uO)]7'(y) sinly + ub)+ r(y) cosly + ub) cos(6)

+[ur)e' () + QT (w) cosly + u6) - e(w)sin(y + uO)]JSn(o),

and correspondingly the module of the vector product of these two vectorsis

Ty xTo P=[R+ () cosly + uO)P|(«'v)  + 2w |+ -
[QO) (' (w)cosly + ub)—z(y)sin(y + ub)) + ur(y)tau'(y)]

So that, from the structure of the normal vector (see (54)-(55)) of surfaces (49), it is possible to see
that

Remark 23
Each of the GTRY surfaces (49) - is atwo-sided surface.

The first fundamental form of this classof GTR, surfacesis given by
E(y,0) =(c'\))* + 2 (w);
F(y,0) = ur®(y) +Q'(O)(z' () Sinly + ub)+ (y) cosly + ub));  (56)
G(y,0) =[R + r(w) cosly + uO)f +
+[Q'() cosly + p6)+ ur(y)]* + Q'(8) sin?(w + u6).
and so that
EG—F2=[R+2(y)cosly + uO)P (/)P + 2] (57)
+[uzw)7 (v) + QO)7 (w) cosly + u6)—(y)sin(y + uO)F

Remark 24 Each point of the surfaces GTRS of this class (49) is a regular point, i.e. for
each point (y,8) the corresponding forms satisfy the conditions: E(y,68) >0, G(w,68) >0 and

EG-F?>0;
The second fundamental form of this class of surfacesis given by
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Ly,0) = R+ o(w) cosly + u0)]z? + 2’ @) - c)e" ()}

1

VEG - F?

M (y,6) = ﬁ VIR + (1) cosly + uO) (') + 22 ()] -
~Q'(O)(z'(w) cosly + u0) - r(w)sin(y + u)) +

+l (' () cosly + u6) - r(p)sin(y + ud)] }; (58)

N(z,0) = ﬁ {2/122'2('//)7'(‘//) sin(y + u6)+

+[R+z(y) cosly + wO)P[(r'(w) sin(y + 1)+ 7(y) cosly + u6)] +
+[R+7(y) cosly + u0)]

<122 () + QON (v) cosly + u6)— r(w) sinfy + uO)

In particular if the "radial cross section” is a circle, i.e. 7(w)=const. and the “law of
vertical stretching of figure” is constant, i.e. Q(&) = const., then the formulas (56), (57), (58)

correspondingly reduce to the simple form
E(y,0) =7,

F(y.0) = ur?,

G(y,0) = [R + 7 cos(y + ,ué’)]z + 1?72,

EG - F2 =72[R + r(y) cosly + u6)?; (59)
L(y,0) =1,

M(y,0) = ur,

N(y,0) = [R + TCOS(!// + y@)]cos(y/ + 16) + ,uzr.
So that in this case it is easy to rewrite the mean and Gaussian curvatures of the surfaces of this

class, which are given by
H(y,0) = [R+zcos(y + 10)]+ 7 cosly + ,uﬁ)’
[R+7 COZSW + 1) (60)

_ cosly +u
Kly.0)= r(R+zcos(y + ub))

From the explicit form of the Gaussian curvature (60) it is clear that

Remark 25 If 7(y)=const. and Q(#) = const., then the surfaces GTRJ of the class
(49) have elliptic, parabolic and hyperbolic points.

IV. - Relations between the set of Generalized M6bius-Listing’s Surfaces and the sets
of Knots and Links
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The Knots and Links Classifications is well known (see e.g. [8,9,10]). In this part of our
article we consider Knots and Links which appear after cutting the Generalized Mobius - Listing's
surfaces GMLY, aong “parallel” lines of their basic lines.

We use the following definitions and notations:

Definition 1 A closed line (similar to the basic or border's line) which is situated on a
GML} and is “parallel” to the basic (or border's) line of the GMLY - i.e. distance between this

line and basic or border's lines is constant - is called a “Slit line” or shortly an *“s-line”” (see e.g.
Fig. 5.d.).

¢ |f the distance between an s-line and the basic line is zero, then this s-line coincides with
the basic line (and sometimesiis called “B-line”)(see e.g. Fig. 5.c.).

WP GMLi

: %—z-/‘";“/“;\m
-10 s dooo ¢ Fig. 5 -m‘k—:D‘

-10

s-lines

Definition 2 A domain situated on the surface GML} and such that its border's lines are

slit lines, is called a “Slit zone™ or shortly an *“s-zone”.
¢ The distance between the border's lines of an s-zone isthe ““width" of this s-zone.
¢ |f an s-zone's width equals to zero, then this zone reduces to an s-line.

Definition 3 If the “B-line” is properly contained inside a “Slit zone” - i.e. his distance to
the border’s lines is strictly positive - then this “Slit zone will be called a “B-zone”.

Definition 4 The “process of cutting” or shortly the “cutting” is always realized belong
some s-lines and produces the vanishing (i.e. elimination) of the corresponding s-zone (which
eventually reduces to an s-line).

e If a GMLY) surfaceis cut belong an s-line, then the corresponding vanishing zone will be

called ans-slit - or “ —=>" (seeeg. Figs. 5.a,5.b., 5.e).
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e Ifa GML% surface is cut belong its B-line, then the corresponding vanishing zone will be

called aB-slit - or “ —2—" (seeeq. Fig. 5.d.).
e |f the vanishing zone - after an s-slit (a B-slit) - is given by an “s-zone” (a “B-zone”),
then the cutting process will be called an s-zone-slit (a B-zone-slit).

Without loss of generality and for simplifying the process of proofing, in this article we
consider the following restrictions:

e The GML% is aregular generalized Mobius-Listing's Surface (see representation (7) and

notation (1*));
e A B-slit is symmetric, i.e. the “origin” (domain of its parametric representation) (7) of
the corresponding B-zoneis of the type

Tg =[-&,£]x[0,27) =T =[-7 ,7 |x[0,27) (61)
where ¢ € [O,r*) and T isthe domain of definitionin (7) seealso (1*).
e Ans-slitisparalel to the B-lineg; i.e.
Case A. If the number of rotations n is even (see e.g. Figs. 5.a, 5.b.), then the ““origin" of
the corresponding s-zone is given by
Ts =[rg—&,79+£]x[027) T, (62)
where ¢,7 are somefixed constantsand 0 <7y —& <7g+¢ < .

Case B. If the number of rotations n is odd (see e.g. Fig. 5.e.), then the origin" of the
corresponding s-zoneis given by the two symmetric strips:

T. =[rg—&,79 +€]x[0,27) U[-7g — &,—7¢ + €] x[0,27) = T, (63)

where ¢,7 are somefixed constantsand 0 <7y —& <7g+¢ < .
e |f the vanishing zone is aline, then correspondingly ¢ = 0.

Theorem 1 If the GMLY surface is cut belong its B-line, then:
A. if the number of rotations n is even (n=2j), then after a B-zone-dlit, an object

“Link-2" appears, whose both components are GML% surfaces, and the topological group of the
link-2 is{(n)f} (seeclassification in [9], or [10]), i.e. for each natural j =0,1,2,...
2j B . 2j 27 -

GML5! —— Link — 2 of GML5 Group{(2j)1}; (64)

B. if the number of rotations n isodd (n=2j+1), then after a B-zone-dlit, an object
“Knot” or “Link-1" of type GML%n+2 appears and its topological group is {(n),} (except when
n =1, since in this case the topologica group is (0);) (see classification in [8], or [10]), i.e. for
eachnatural j=1,2,...

GMLS*™ —2 5 Knot of GMLY™* Group{(2j +1)}; (65)
when j =0, i.e. inthe case of the classic Mobius strip, then
GMLL —2 Knot of GML3 Group {(0),}. (66)

Proof. The representation (7) is a one to one correspondence between the points of the strip
T and the points of the GMLY surface, and according to the Remak 1:
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Case A. If n is an even number (n=2j), then each of the functions
X (7,0),Y (r,0),Z(z,0) isa 2 -periodic function of the argument &. So that, according to (61)
to the B-dlit-zone corresponds to the elimination of the Tg in the domain of definition T . But in
this case, the domain of definition

T\Tg =[-7 ,—£]x[0,27) U[e, 7 ] x[0,27) (67)

consists of two parts and define two different objects GMLg. The one to one correspondence (7)

guarantees that the new objects have not self-cross points. Also, by definition of the generalized
Mobius-Listing surface, the two strips (new domain of definition) make n rotations around their

basic lines before the identification of ends, so that the simplest topological group {(n)f} of the
link-2 appears. Some simple examples are givenin Fig. 6.

GML o Link =2 {(0)12} S

2 | i .‘-5.‘ = ﬁ_ .
hy

Case B. If n isaodd number (n=2j+1), then the functions X (z,0),Y (z,0),Z(z,0)

are 4y -periodic functions of the argument @, with property (M*); i.e. for each 7 € [—r* ,r*]
X(-7,0) = X(7,27); Y(-7,0)=Y(r,27); Z(-7,0)=Z(z,2x). (68)
In this case, the one to one correspondence (7) defines a single object, in spite of the fact that the

domain of definition (67) is disconnected. This new object has a new basic line (in particular,
according to eg. (7) and restriction (67)) which is given by
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T —¢ _ T —¢ né
X( 5 ,6’}-{R+ 5 cos(c//+7ﬂcos(9)
T —¢ _ T - ne\| .
YL 5 ,HJ—{R+ 5 co{y/+7ﬂsm(9) (69)
Z[T —5’9]:7 _gsin(x//+n—9j.
2 2 2

This is a representation of a really closed line, but now 8 €[0,4x) (see Fig. 2.a. or Remark 2,
when 1 € Q in[6]), and therefore the unit normal vector (12) makes 2n+ 2 rotations around the

new basic line (69), since it belongs to a GML%”Jr2 surface. Also, by definition of the generalized

Mobius-Listing surface, the two strips (new domain of definition) make n rotations around the old
basic line (circle) before the identification of ends, so that the simplest topological group {(n)} of

the Knot theory appears; but when n =1, since the classical group {(1);} does not exist, then this
case corresponds to { (0);} . Some simple examples are shown in Fig. 7.

Fig. 7

Theorem 2 If the GMLY surface is cut belong a non trivial s-line (i.e. a line which does not
coincide with its basic line), then:

A. if the number of rotations n is even (n=2j), then after an s-zone-dit, an object

Link-2" appears, whose both components are GML% surfaces; furthermore, the topological

group of the link-2 is{(n)f} (seeclassification in [9], or [10Q]), i.e. for each natural | =0,1,2,...
2j 1 . 2j 27 .

GML5) —— Link — 20of GML5! Group{(2j)1}; (70)
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B. if the number of rotations n isaodd (n=2j+1), then after an s-zone-dit, an object

“Link-2" appears, which is made by two components. One of them is a GML% surface, but the

other oneis of the type GML3"2

GML3"™ —1 Link — 20fGML3*! and GML3**, (72)
In this case, the topological group of this object is at present unknown.
Proof. The representation (7) with (1*) is a one to one correspondence between the points

,i.e. for each natural j=0,2,...

of thestrip T and the points of the GML} surface, and according to the Remak 1:
Case A. If n isaneven number (n=2j), then by using the same argument of case A of
the previous theorem, but according to the (62), to an s-zone-slit corresponds elimination of the T
in the domain of definition T . In this case the new domain of definition is given by
T\T = [—r* 7o —€]%x[0,27) U[ 7o + 5,7*] x[0,27) (72)
which also, consist of two parts, but now their widths are different, and define two different objects
GML5, with different widths. The one to one correspondence (7) guarantees that the new objects

have not self-cross points. Furthermore, by definition of the generalized M 6bius-Listing surface, the
two strips (new domain of definition) make n rotations around their basic lines before identification

of ends, and therefore the simplest topological group {(n)f} of the link-2 appears. Some simple

examples of differences are shown in Fig. 8. The widths of components of B-zone-dlits are equal,
but the widths of components of s-zone-dlits are different.

o Link =2

i s . s-slits LF—\H“*—_— T om *
5 T 1 15 b

k-2 e {ay}

H A M D K = o @

O &

s w0 s 0 g i Fig. 8 U

Case B. If n isan odd number (n=2j+1), then according to (63) after an s-zone-slit
the new domain of definition (7) is given by
T \TS* = [—r* —To — €]1x[0,27) U[—1 + &,79 — €] X[0,27)[ 7o + €, z'*] x[0,27). (73)
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Thisis adisconnected domain, which consist to three parties.
The domain defined from the central part of the right hand side of eq. (73), according to the

representation formulas (7), defines an object GML'% . But its width is smaller with respect to the
original surface; i.e. 7 €[—715+¢,79 — €] . Each of the remaining parts of the right hand side of eqg.

(73), similarly to the case B of the previous theorem, define a geometrical object GML%”J’Z. So that
after an s-zone-dit of a GML}, when n is an odd number, appears a link-2, where one of the
components is a GML} and the second one is a GML5"2. Unfortunately we do not know, at

present, what is the topological group's element of link-2 appearing after an s-zone-slit of a GML3,
when n isan odd number. Some simple examples are shown in Fig. 9.

2

Link =2  GML, + GML,

20 g

ap T T 7 T T T

E ¥ v y
-5 10 5 0 5 10 Fig. 9 -10 i L 5 L 3

Lastly, from the above Theorems and Remarks 1,2,3,4,5, we can deduce the following facts
Remark 26 Both the previous Theorems still hold when the basic line is a closed space line.

After cutting each regular Mébius-Listing surface GML%, whose basic line is a circle,
appear objects (object) with the following properties:

e the tangential vectors of the new objects (object) E and % (8),(9) are orthogonal;

e each point of these objects are Hyperbolic (saddle) pointsif n = 0;
e each point of these objects are Parabolic pointsif n =0
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