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Abstract

Recently models of neural networks that can directly deal with complex numbers,
complex-valued neural networks, have been proposed and several studies on their
abilities of information processing have been done. In this paper, the problem of
amplitude estimation of sinusoidal signals from observations corrupted by colored noise
using Hopfield neural network (HNN) is considered. We have introduce a complex
Hopfield neural networks which can be expressed as an equivalent real valued networks
by expanding its real and imaginary parameters separatly. To prove the efficient of the
proposed method, it has been compared with various amplitude estimator cited in [4].
Smulation results show that the calculation precision of the amplitudes estimation
improves when the mean-squared error is used.

Keywords: Amplitude estimation, matched-filterbank, spectral analysis, Hopfield neural
networks.

I. INTRODUCTION

The need to estimate the complex amplitudes of sinusoidal signals in a noisy environment is
encountered in many signal processing applications .Least square (LS) based amplitude estimators,
have been most widely used due to their conceptual and computational simplicity, they are also
known to be optimum when the observation noise is white and have a Gaussian distribution.
However, when the observation noise is colored and, particularly, when the size of the observed
data is relatively small, these estimators are failed [4,5]. To solve this problem, Stoica et a [4]
investigated alternative techniques for amplitude estimation, including weighted-least-squares
(WLS) and MAtched-Fliterbank (MAFI) approaches which are very desirable when the
observation noise is colored. However, these techniques may perform poorly for cases of very small
datalength or small SNR that occur in practice.

In recent years, there have been increasing research interests of artificial neural networks and
many efforts have been made on application of neural networks to various fields. As applications of
the neural networks spread more widely, developing neural networks models which can directly
deal with complex numbersis desired in various fields. Several models of Hopfield complex-valued
neural networks have been proposed in spectral estimation and their abilities have been investigated
[1].

Considering the justified performances of the Hopfield neural network in the problems of
optimization, it was largely used in the field of the spectral estimation. We fined in the literature the
Hopfield net for AR spectral estimation [3],and the estimation of the position of the spectral rays
[2]... dl these methods are interested in the estimate of the frequencies without no knowledge a
priori on the vector of observations.

In this paper we try to apply the Hopfield neural network for the amplitudes estimation of
sinusoidal signals corrupted by additive noise. The idea behind this technique is to relate the
penalty function of the least square error with the Lyapunov energy function of the HNN.
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The remainder of this paper is organized as follows: In section 2 we present the problem
definition. Proposed Hopfield network for amplitude estimation 2is described in section 3. Section 4
shows the experimental results obtained using our method. Finally, section 5 contains the
conclusion.

Il. PROBLEM DEFINITION
Consider the noise-corrupted observations of K complex-valued sinusoids

K
x(n)=> ae™" +v(n), n=04...,N-1, (1)
k=1

Where
a, Complex amplitude of the kth sinusoid to be estimated;

N Number of available data samples;
w, Frequency of the kth sinusoid which are known;

v(n) observation noise, which is complex valued and assumed to be stationary with mean zero
and finite unknown power spectral density.

Let usrewrite expression (1) in matrix form

x(0) 1 1 a, v(0)
jwy . i
S o @
X(N=1| |e®™P ... (D% g | |y(N-1)

Or, with obvious definitions
X=Aa+V (3
By dividing this expression in real and imaginary parts separately
X = Xge(N) + jX;m(N)

- i(aﬁe + jaym )(cos(nwk) + jsin(nw,))+v(n), n=04,...,N-1. 4

This calr(j)e easily expressed as:

) = 3 (@0 cos(rm) — al” sin(rwi ) + V™ (1)

And -

X, (N) = i(afe sin(nw, ) + " cos(nw, )) +Vv'™(n) (5)
Which are e(;:ull valent to

Xqe () = [cos(nw, ) - sin(nw, )] [:TF: } +Vv(n),

X (M) = [sin(nwy, ) cos(nwk)][fj } +v'"(n) (6)

foo k=1...,K |
We assume that the complex vector of observations is written as a new real vector where the
real and imaginary components are ordering as follow

XRe(n):|

le(n)

x(n) = { (7
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x®e(n) _{Re{A} —Im{A}} ate . vRe(n)
x"m) | |Im{A} Re{A} |am™ | |v™((n)|
Or, with obvious definitions
X=Aa+V . (8)

I1l. PROPOSED HOPFIELD AMPLITUDE ESTIMATOR

The idea behind the Hopfield amplitude estimator is to relate the penalty function of the
amplitude estimation using the trivial Ls method with the Lyapunov function of the HNN which is
given by [1,3]

hop __ZZVVIJVIV] ZKlliVi . (9)

i=1 j=1
Or in the matrix form
Erop = —%VTV\N VS (10)

It has been shown by Hopfield that the HNN always achieves a local minimum of the
lyapunov energy function [1]. Hence if a penalty function of an optimisation problem can be related
with the lyapunov function, we can obtain at least a good solution for the problem.

For our optimisation problem, the objective function to minimise is given by

., . —_2

j(@= Hx — AaH . (11)
Thisis equivalent to (12) by ignoring the constant term x" x

j(8) = %aT ATAa-x"Aa . (12)

By relating Eq. 10 with Eq. 12, we can easily obtain the interconnection weights and the
thresholds of the HNN

| =ATX (13)

The dynamic equation of the HNN is given by [1,3]
ou, u,
—=——+ E T.v. +b . 14
ot T v (14

Since the convergence to alocal minimum is guaranteed only ifgv—i >0, amodified sigmoid
function has been adapted for the problem in consideration. In our application, we have choose the
activation function given by Eq. (15)

f(u)= -a . 15
W)=—"" (15)
The choice of «is arbitrary with the condition that all value of amplitudes must

verify|ak| <« . The parameter S represents the slop of the sigmoid function. It must be choose

carefully to obtain agood result.
The simulation of the continuous Hopfield network can be done with the Euler method [1]
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u(t+1)= u(t)+At(Z iV, +b). (16)

Where At isthe time step of the Euler method and u; (t) isthe input signal of the neuron iin
time momentt. A number of trials are performed and best results are chosen.

IV. SSIMULATION RESULTS

In this section we present some examples to illustrate the performance of the HNN in the
problem of amplitudes estimation and compare our method (HOP) with the three methods (L SEK,
APESK, and MAFI1) cited in [4].

In order to test the robustness of the proposed method, we have considered the white noise and
the colored one.

In the first example of simulation that we have done, the signal which we will estimate its

parameters is composed of three sinusoids with parametersa, =e'”’*,a, =e/"’?,
a,=e"'* f =0.1,f,=0.11,and f, = 0.3corrupted by colored noise. Such noise is generated by

an autoregressive model where the input is a white Gaussian noise with zero mean and variances? .
The correlation between samplesis given by [4]

v(n) =0.99v(n-1) + e(n). (a7

For the SNR, we have use the local SNR which the expression is given by [4]

NR, ~10lo Niaf af 18
R, ~10log,, — —— o1 (18)
where ¢(f,) isthe psd of the noise, it’s expressed by
b2 2
#(to) = - , (19)

1+a® - 2acos(24f, )

where aand b are the parameter’s model.

In the second example, we will show the performance of HOP when the observation noise is
white, to do this, we have considered an example that is similar to the previous one, except that
v(n) isreplaced by a zero mean complex white Gaussian noise.

We have generated 200 Monte-Carlo simulations for different local SNR and the mean
sguared error was used to test the performances of estimators

MSE{a, } = 00Z|ak (i) - ak| (20)

whered, (i) is the amplitude estimated at the ieme simulation.
In all our simulations, the time step of Euler method is fixed to 0.01.

A. Choosing o and g

The choice of the Hopfield net parameters o and £ denotes the tradeoff between the fastness
of the convergence and the best estimation of the signal amplitudes. Obvioudly, the value of
o should be chosen larger than the maximum possible value of the real and imaginary parts of & 's.
In our simulations, the value of /4 can be reduced to a value less then one for better convergence. It
depends on the magnitude of T; andb 's. to show the effect of the choice of the parameter # on the

quality of the estimation, we have simulate our net for different value of 5. Fig. 1.aand b show the
effect of the parameter S on the estimates &,and &, respectively. For&,, al value of B less then
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one gives the same M SE, however, for &, al value greater then 0.5 gives poor estimation for higher

SNR.
We propose o =4and f[0.01 0.2] (B =0.02 was used for the rest of ssimulations) as a

possible set of parameters.

N=32, E=IJ.3. dored noise

M =32, f,=0.1, colored noisze

nnnnn

Mean-s quarerd arror
Mearsquanad error

L[ —=—p=0s | .
10 L I 0 .
5 15 o5 5 45 55 5 15 25 =5 5 55
Local SMR [dE] Local SHR [dB]
(a) (b)

Fig. 1. Mean-squared error versus local SNR for the estimate 4 (a) and &, (b)
using different value of s

B. Estimation performance Versus SNR

To see the effect the length of the vector of observations on the quality of the estimates, we
consider a data sequence of lengthN =32and16. We note here that the limit of Fourier is not
checked for f,and f,which are closely spaced frequencies that cannot be resolved by Fourier-based

processing ( | f, - f,|=0.01< %).

In the first example we consider that the signal is corrupted by colored noise. fig. 2(a) and (b)
show the MSE's of the amplitude estimates of &,and &, respectively for N=32.as we can see that all

estimators (LSEK, APESK, MAFI and neuronal) of & are asymptotically efficient except that the
APES method has a great instability when the signal is strongly disturbed. Our estimator gives a
better performance and robustness for all the SNR. The results for &, are omitted because they

resemble those for &,. For &,where the limit of Fourier is checked, al the estimators have the

same performance (fig. 2(a)) but our method still the best estimator.

When N=16, the performance degrades for the three methods (LSEK, APESK, MAFI )
however our method offer a best performance for the two estimates (fig. 3(a) and (b)). As we can
seein fig. 3(b), our method give a remarkable result when the two sinusoids are closely spaced and
with afew number of observation.

In the second example, when the signal is corrupted by white noise, it is clear from the fig. 4
and 5, our method give a best performance for the two estimates in the two cases (N=32,16) which
confirm the robustness of the neural estimator.
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Fig. 2. Mean-squared error versus local SNR for the estimate & (a) and &, (b)
for p=0.02 and N =32 and colored noise
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Fig. 3. Mean-squared error versus local SNR for the estimate a; (a) and 3, (b)
for p=0.02and N =16 and colored noise
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Fig. 4. Mean-squared error versus local SNR for the estimate 4;(a) and 4 (b)
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for p=0.02and N=32and white noise
1EI; N =18 M= 4, f3 =0 3, white noise 1[!4 M =18 M=4,f1 =01, white noise
—— LSEK —&— LSEK
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(@) (b)

Fig. 5 Mean-sgquared error versus local SNR for the estimate 4;(a) and 4 (b) for g=o02and
N =32 and white noise

V. CONCLUSIONS

In this paper, the problem of the estimate of the amplitudes of harmonics of the sinusoidal
signals corrupted by colored noise was studied by using the Hopfield network. we have shown that
by using this emergent technique, we can obtain results that are more better then those cited in [4]
and the high efficiently is obtained when the length of data is very small and the sinusoids are
closely spaced. As perspective, our method can easily be extended to spectral estimation of two-
dimensional (2D) data.

ACKNOWLEDGMENT

The authors would like to thank Prof. Hongbin Li for providing the implementation of MAFI
and APESK algorithm.

REFERENCES

1. A. Hirose, Complex-Valued Neural Networks. Theories and Applications, Ed. World Scientific,
2004.

2. G. Mathew, V.U. Reddy, “Development and Analysis of a Neural Network Approch to
Pisarenko's Harmonic Retrivial Method,” 1EEE transactions on signal processing, Vol. 42, pp.
663-667, Mar 1994.

3. SK. Park, “Hopfield Neural Network for AR Spectral Estimator,” in Proc. [EEE'1990, pp.
487-490.

4, P. Stoica, L. Hongbin, and L. Jian,” Amplitude Estimation of Sinusoidal Signals: Survey, New
Result and an Application,” IEEE  Transaction on Sgnal Processing, Vol. 48, pp. 338-352,
Feb. 2000.

5. H. Yingbo, A. B. Gershman, and Q. Cheng , High-Resolution and Robust Signal Processing ,
Ed. CRC Press, 2004.

Articlereceived: 2010-09-22

93



