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1. Introduction

Virial theorem has a wide application both in classical as well as in quantum mechanics. This
theorem connects average values of kinetic and potential energies for the systems confined in
limited areas. Moreover it allows making definite conclusions about some interesting problems
without solving to equations of motion.

There are many generalizations of virial theorem, especialy in relativistic quantum mechanics for
investigation of bound states [1].
Recently much attention was devoted to singular potentials, namely, to potentials, behaving as

rV(r)— -V, ;(V, > 0) for r — 0 in the Schrodinger equation, and as rvV = -V, for r - 0 inthe

Klein-Gordon and Dirac equations.

Such behaved potentials appear in large classes of physical problems. Particularly, in Calogero
model [2], Coulomb or Hulthen potential in Klein-Gordon and Dirac equations [3], Black Hole
theory [4] and etc. Viria-like theorems can make things clear while studying such problems.

Therefore it seems natural to make attempts for generalization of virial theorem for such
(singular) potentials too.

The most general methods for obtaining various virial like theorems were developed in [5] by C.
Quigg for regular potentials in the Schrodinger equation. The genera character of these methods
allows usto carry over singular potentials as well. It appears that formally the theorem almost keeps
the form familiar for regular potentials with obvious differencesin averaging procedure.

But the main differences are provided by additional solutions, which are the relevant property of
singular potentials and is related to the necessity of self-adjoint extension (SAE).

Thisarticle is organized as follows:
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First of all we remember the needed methods for deriving of virial-like theorems and apply them
to general second order differential equation.

Consequences for regular potentials are reviewed and then the singular potentials are considered.
It is shown, that there arise additional terms in the usual virial-like theorems, which depend on the
additional solution for singular potentials. Some consequences of the new form of viria theorems
are also considered.

After that the corresponding corrections to the Feynman-Hellmann theorem are discussed.

I1. Derivation of Hypervirial (generalized virial) Theorems

Let us consider the second order differential equation of most general form
R"(r)+G(r)R'(r)+ L(r)R(r)=0 (2.2)

Eexclusion of first derivative termsis always possible by using a suitable transformation [6]
1

=[Gdr
u(r) = R(r)e2 (2.2
and foru(r) function it follows the equation
u”(r)+ D(r)u(r) =0, (23)
where D(r) is
1 2 1 ’
D=H-=G"-=G (2.4
4 2

But it turns out that the transformation (2.2) may be applied by some care. In particular we must
distinguish two cases:
G(r) = 2 (2.5)
r
and

G(r) # % (2.6)
In case (2.5) equation (2.1) becomes
R"(r)+%R'(r)+ L(r)R(r)=0 (2.7)

Central potentia in three-dimensions will be important for us in the following. Exactly to equation
(2.7) reduces the radial Schrodinger and the one- and two-body Klein-Gordon equations
withO< r < oo . Even the one-dimensional case may be investigated on the same footing, as well,
where— o < X < . Thetransformation (2.2) gives

R(r) = @ (2.8)
and the Eq. (2.7) takes areduced form
u”(r)+ L(ru(r)=0 (2.9)

But a careful consideration [7-8] shows that after the substitution (2.8) into (2.7) there appears an
additional contribution in the form of Dirac’s delta-function, —4z5" (r)u(r), and for its
removal one must impose the following behaviour of the reduced wave function at the origin

u(r)=r™; N =123.. (2.10)
r—0

Moreover there appears that the satisfaction of this condition (2.10) is possible only for regular
potentials. Therefore for singular potentials the substitition (2.2) does not remains the usual form of
equation (2.9) and we are forced to explore directly the equation (2.7).
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As regards of the second case (2.6), here the substitution (2.2) does not lead to such
inconsistency. For example, if we take

G(r) :% @.11)
it gives
R(r) = % 2.12)

Our aim is the derivation of the hypervirial theorem for the equation (2.7). Let rewrite it in the
following manner

R"(r)+L(r)R(r) = —% R(r) (2.13)

This equation will be our starting point in this article.
Let us introduce an arbitrary three-times differentiable function f (r) which will be restricted

somehow in the following. The needed restrictions will follow from the requirements that arise
below step by step. After multiplying the Eq.(2.13) on f (r) and integrating obtained result in the

interval (0,o0). We derive
— [ fRRr?dr = | fLRR’rzdr+2ji R'2r2dr (2.14)
0 0 ol
. . : . L2 , 1727
Let us mention that by using the following relations R'R =3 (R ) and RR :E[R ] , one
can perform the partia integration in (2.19)

— frl[R]?

o+[(fr?) [R1Pdr = fr2LRY g - | (fr?) LRPdr— [ LR 2dr+4[ fiR?dr  (215)
0 0 0 0
For bound states R,R’ — 0 at large distances and therefore one neglects contributions from upper

bound in (2.15) if in addition f and L areto berestricted as follows
lim fr?R'? > 0; lim fr’LR? >0 (2.16)

r—o0 r—o0

(For scattering problems R,R’ are not decaying functions and the conditions (2.16) may not take
place, if we do not require it by special choiceof f ).
Therefore there remain integrated termsin (2.15) only at lower bound:

fr2R12

o+ (1r2) R2dr = fr2LR?| o[ (r2) LR2dr (L) + 4] frR2dr  (2.17)
0 0 0

where< > denotes averaging by means of R function

(fL)=[fLR?r?dr (2.18)
0
Now let us transform the second te'm in the RHS of (217)
[(fr2) LR2dr = [ f ?LR2dr + 2] fLR?rdr :(fL>+2<i|_> (2/19)
0 0 0 r
and collect the last terms in both sides of (2.17)
| = [(fr2) R'2dr - 4] frR"2dr = [ Fr?R'2dr (220)
0 0 0
where
F:f’—ﬂ (2.21)

r
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Now perform a partia integration in the (2.20), using evident relation (RR')'=R'R'+RR". It
follows

| = [Fr®R'2dr = Fr®RR/3— [ (Fr?) RR'dr — [(Fr?)RR"dr (222)
0 0 0
For bound states the first term on RHS at the upper limit may be neglected, if
limFr?RR’ - 0 (2.23)

r—o0
Now let usintegrate the second term on RHS of (2.22)
= [(Fr2) RRdr = Z(Fr2 4+ 2rF R2| - Z(F")- 2<F >— <i2> (224)
0 2 0 2 r r

Here we have taken into account that for bound states F must be restricted as follows

lim(Fr? + 2rF R >0 (225)
r—oo
In the same fashion the last integral in (2.22) takes the form
_ 7 2 " 2 E i
I2_£(Fr RRdr = FrR?|_ <FL>+<r>+<r2> (226)
Here we made a further assumption that for bound states F must be restricted as follows
limFrR? - 0 (2.27)

r—o0

Therefore, we have

| {— FrZRR'+%F’r2R2}

!

ot < FL>+<£>+%< F"> (2.28)
r

At last, from (2.17), (2.21) and (2.28) for bound states we derive the following hypervirial theorem:
{f[Rz—rZRRMrZR’Z]— fIR[rR + R]+%f’f2R2} =
r=0 (2.29)

=2<flL>-< fL’>—%< f">

For scattering states (2.16), (2.23), (2.25) and (2.27) restrictions are not satisfied and instead of
(2.29) we should have
_{ f [RZ —r’RR" + rzR'z]— fIR[rR+ R]+% f ’YZRZ} +

r=o

(2.30)

+{f [R?=r’RR"+1°R"? |- fIR[IR'+ R]+% f’fZRz} =2<flL>-< fL’>—%< S
r=0
Substituting here R function at infinity, corresponding hypervirial theorem can be derived for
scattering problems as well.
Now let us make some comments in connection to (2.29) about restrictionson f :

@ Because < > means averaging by R functions, f must be such, that corresponding
integrals do exist.

(b) When f =r® (q>-2l), then (2.29) coincides with (2.27) from [10], in which only the
Schrodinger equation was considered, i.e. when

L:Zm{E—V —'('+1)} (2.31)

2mr?
with regular V .
Let us note that the choice f =r? satisfiesto (2.16), (2.23),(2.25) and (2.27) restrictions.
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(© The expression like (2.29) for arbitrary f was derived in [11] for regular potentials only.,
and only for Schrodinger equation, asin [10].

I11. Some Applications of Hypervirial Theorem

Choosing f , one can obtain several interesting expressions from (2.29). Let us consider some of
them.

Consider a particular casefor L(r) in(2.7)
s(s+1)

r.2

L=A(r)- , $>0 (3.1)

i.e. we separate a centrifugal term.
We use here a genera notation A(r) instead of (2.31) because alot of physical equations reduce to

the form, like (3.1), where potential participates in different manners.

It is necessary to make distinction between two cases: IirrngA(r) =0 (regular) and IinngA(r) =0
(singular).

Consider each of them in detail:
(i) regular case, when

Iin;anA(r) =0 (32)
It is easy to guess, that only regular potentials

Iin(')erV(r)zo (33)
obey to (3.2) in case of Schrodinger equation (if we takes=1; 1=012,..), whereas, for example,
for one- and two-particle Klein-Gordon equations the condition (3.2) will be satisfied if

Iirroer (=0 (34)
When (3.2) is satisfied it follows the following behavior of wave function at the origin

R ~ar+br=*
r—0 S s (33)

The second term in (3.5) does not obey to the condition of hermiticity for Hamiltonian [12,13] and for

the radial momentum operator p, = —i(§+}) [14], which is imposed on the wave function at
rr

origin

lim rR(r) =20 (3:6)

r-0
Therefore it is neglected as a rule (see, any textbook in quantum mechanics). Then at small
distances only the first term remains

R, ~a,r® (3.7)
Substituting thisinto (2.29) one obtains

2
af{rzs[(wl)f —(s+1)ff+%f"}} =-2<fA>-<fA' >+
r=0

(3.8)
frf 1
+25(s+)<———>-—=<f">
(s+3) rz2 r* 2
Now consider a special formfor f [5]
f=rd (3.9)

We have
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{(S+1)(1—q)+%q(q —1)}a3r‘“23|r0 =—<2r' A+ rIA > -

L (3.10)
- {Zs(s +1)(1-q) + Eq(q ~1)(q - 2)} <r®3>
In order that the LHS of this expression be not diverging at r = 0, we must require
g=>-2s (3.11)
Therefore, (3.10) becomes
(2s + 1)2a§5qy_25 =
(3.12)

=-<20rAs r‘*A'+[2s(s+1)<1—q)+%q(q—1)(q —2)}‘*-3 >

It must be noted that (3.12) is a generalization of relation (2.30) from paper [5] for Linform (3.1).
Let now consider various interesting values of qin (3.12):

aq=1
Then it follows from (3.12) that

(2A+rA) =0 (3.13)
In case of Schrodinger equation, when
A=2m(E-V) (3.19)
we derive
E= <v +%rv > (3.15)
which isthe usual viria theorem
<T>= %(rv ) (3.16) b)
q=-2
Taking into account reparability of total wave function
w(r,0,6)=R,(r)Y,,(6.4) (3.17)
we derive
2|51 2 12 A A
(2+2)° R (0)]7 =(11) <A (3.18)

ere ngj) (O) is the |-th order derivative of radial wave function at origin. Eq.(3.18) generalizes
eg. (1.4) of [10] for Schrodinger equation, which hasaform

(2+2)° R (0)|? :2m(|!)2[<ild—v> +4 <%>} (3.19)
rodr/, r
¢) g=0or f =const
This case is well-known in the Schrodinger equation [5,11]. Now it follows from (2.29):
[R?=r?RR"+r2R2|  =—<L'> (320)
or
(1+Da’r? |, =—< A(r) >—<2'(:j 1)> (321)

If now wetakel =0, then
a2 =[R,(0)fF =—< A'(r) > (322)
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It generalizes eg. (39a) from [11] for arbitrary A(r) . When we take expression (3.14), then it
follows from (3.22) the well-known relation

m /dV
0 =—(— 323
o = 3 { S (623)
Incase | #0,the LHS of (3.21) is zero and therefore we obtain
21(l +1)<i3> =—(A) (324)
r

which generalizes eq. (39b) from [11] for arbitrary  A(r). The relations (3.22) and (3.24) are
formulated in terms of A(r) . Depending on equations of motion, the potential V (r) appears in
various forms and one must take care, which restrictions arise on potential V (r) .

d) g=0.1-2

Now we have

<29r'tA+TOA + {ZI(I +1(1-a) +%q(q -D(@- 2)}“‘3 >=0 (329

This expression allows us to connect average values of various degrees of r. For example, in
Schrodinger equation we have

-1 - ' (q_l) q -3\ _
2eq(r)-20(rv) - (rv) + 0D (g 21049 ) -0 32
For power-like potential, V =V,r" it follows from (3.26), that
4 awa\, (@-Diq 3\ _
2Eq(r*) = Vo(2q + m){r )+ [Z(Q—Z)—'(Hl)}@q )=0 G27)
If n=-1, thewell-known Kramer’sformula[15] follows for the Coulomb potential

\Y :—%, (i.e. Vo=—a; q=5s+1)

2E(s+1)<r5>+a(25+1)<rs‘1>+%{324_1—l(l+1)}<r5‘2> 0 (3.29)

And whenn = 2, the relation for isotropic harmonic oscillatorV = %a)zr2 is derived [16]

s?2-1

2E(s+1)(r*) - o’ (s+ 2)<r5*2>+%{ —1(l +1)}<r5‘2> =0 (329

Also it is possible to derive recurrence like relations between different powers of rfor various
relativistic equations. Such relations have many applications in the diverse physical problems[17].
Let us note also that while we considered only regular potentials, we could work with the wave
function u(r)=rR(r) aswell.
i) Singular case . Now

lim r’A(r)=-V,; (V,>0) (3.30)

As was shown in [18,19], in cases of Schrodinger and two equal mass particles Klein-Gordon
equations, besides the standard levels there appear additional levels as well, whose wave function
behaves at small distances as

1 1
——+P -—P
Ry = agr 2 5 Ragd = @aga’ 2 (33D
where, for example, in Schrodinger equation
P=(+1/2)2-2mV, >0 (3.32)
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while in the Klein-Gordon equation for two equal mass particles
P=y(+1/2)2-VZ/4>0 (3.33)
Likely it is possible to find P for a given L (see, above) for each relativistic equations. At the same

time, as is indicated in [18,19], for the existence of additional levels following constraint must be
satisfied

0<P<1/2 (3.34)
which is expression of the fact that the condition (36) is satisfied.

Now if we take the wave function at small distances as general form [19]

LrP —E—P

R=ayr 2 +a,l 2 (335)
and use (3.9) for f , then (2.29) gives

(1-0)1/ 2+P-0q/2)a38,, 5, + 1-A) 1/ 2= P~/ 2845100 +
+[(a-1*-4P? |a,8,4,5,, = (3.36)
= —<2qrq‘lA+ rqA’+[2l (1+)@-q) +%(q -D(q- 2)}><rq-3>
erewe must requirethatq >1- 2P .
Let consider various g-sin (3.36) as above.
a q=1 P=00<P<1/2
Then from (3.36) follows
(2A+TA") = 4P%a a,y (337)
For the Schrodinger equation this means
1.\ P?
E = <V + E rv > + Fast aadd (338)
Therefore, for singular potential the virial theorem differs from that of regular ones by the extraterm
PZ
b=—a,a 339
m st “add ( )

This term vanishes when we take only standard or only additional solutions.

Comment: Separate consideration needsthe caseP = 0. Asisindicated in [19], we have in this case
1 1

R ~a r75+aaddr75lnr (340)

Clearly lim rOR (r) = 0. Now instead of (3.36) it follows
r—

(2qr A+ oA - {2|(| +1(1-q) + %q(q ~1)(q- 2)}<rq-3> =0 (341)
And virial theorem for Schrodinger theory takes the form
E= <V + % rv ’> (342)

which is analogous to regular potential case, but difference appears in averaging by function with the
behavior (3.40).
For pure singular potential

V
V= —r—g;(\/0 > 0) (3.43)
it follows from (3.37) that
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p2
E = F ast a.add (344)

This is a single level, which appears in quantum mechanical consideration, when we retain the
additional solution as necessary ingredient for providing a self-adjointness of Hamiltonian via self-
adjoint extension (SAE) procedure [19].

Thislevel disappearsimmediately as we neglect pure standard or pure additional solutions.

It is evident that the equality (3.37) is rather general relation and many physical consequences can
be derived fromiit.

Consider, for example, two-particle Klein-Gordon equation with equal massesm :

2 2
R"+ 2R’ J{V__erM mz}R I(I+1)
r 4 2 4 r2

M isatotal mass of composite state.. Comparison to (2.7),(3.1) and (3.45) gives

R=0; (3.45)

= T - T 4 -Mm (346)
Using thisin (3.37), we obtain
2 2
<V7— MV +%(v M)+ Mz - 2m2> =4P%a a,,, (347)

Let us now consider the following problem: Can two massive particles produce massless bound
state in case of Coulomb potential (attraction or repulsion)? Existence of bound states for both cases
is a consequence of the relativistic structure of Klein-Gordon equation, where for M =0 there

remains only V ?in (3.45).This problem was considered in scientific literature [20].
For thisaim one must takeM =0 in (3.47). We derive

<£+MV 2m > 4P%a a,, (348)
2 2
For Coulomb potential it follows
-m? =2P%a_a,, (349)
and we see that this problem has a positive answer only if both a, #0 and a,, = 0(and
aya,, <0). Correctness of this result may be verified also by direct solution of the Klein-Gordon
equation. Indeed, substituting M =0 in (3.45), onefinds

2
R"+ 2R’ +[V4 mz}R I(I+1)R 0 (3.50) If
r r

wetakehere V =< this equation becomes
r

l.2

where P isgiven by (3.33). Note that this equation coincides to the Schrodinger equation with the
accuracy of notations. Therefore we can use the results of our paper [19] and write down the general
solution derived there

2_
R”+ER’+{—m2—P—1/4}R:O (3.51)
r

m
R(r)= ‘/?{AI »(mr)+Bl_(mr)} (3.52)
where I, and | , arethe modified Bessel functions. We have the following behaviour at infinity
1
R(r) = A+Bje™ 3.53
M~ oy A BE (559
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Requiring vanishing of R(r) at infinity asfor bound state solution we have to take

B=-A (3.54)
Remembering the well-known relation
T
Ko(2) = | . (2)-1,(z 3.55
2 (D)= o 1 (=1 ()] (3.55)
our wave function takes the form

R:—AE\/Esin Pz -Kp(mr) (3.56)

z\r

which is exponentially damping at infinity and in the interval 0< P <1/2 satisfies to fundamental
requirement (3.6). It is evident, that our solution is derived by the requirements

A0, B=0 (3.57)
which means, that M =0 state can be derived only by SAE procedure. We see that explicit
solution of Klein-Gordon equation repeats the conclusion, derived by Viria theorem.

One important remark is in order: W. Krolikowski [20] derived the same solution for | = OQstate
only. It is true, because K, (z)is the only Bessel function, which behaves in a needed fashion at
infinity (vanishes!).It appears that a massless bound state for Coulomb potential may be constructed
from 2 massive particle in nonzero orbital momentum states also, | = 0[18].But SAE procedure is
necessary.

Owing to the fact, that repulsive case also forms a massless bound state, we conclude, that the
following aternatives take place:

(i) Those values of SAE parameter =229 when this strange fact occurs, must be
st

deflected in order to suppress such unphysical results.
(i) We must recognize, that the SAE procedure produces an effective attraction , which  may be

seen from equation (3.50), where the factor (P2 -1/ 4) has a negative sign in area (3.34) and gives a

quantum anticentrifugal potential, which is attractive [19].
(iii) It is not excepted that such unphysical fact is a pathology of the Klein-Gordon equation. For
example if we reverse the problem and ask if two massless particles can compose a massive bound
state in Coulomb field, we can easily see that (3.47) would give a positive answer in case of Coulomb
repulsion, but not for attraction .

b) Cases q=1F2P and q = 0,1,-21 may be discussed in full analogy. One derives some

recurrence like relations between average values of various powersof r.

IV. Generalization of the Feynman - Hellmann Theorem

It is known that the Feynman-Hellmann (FH) [21 -22] and generalized FH [23-24] theorems are
closely related to the hypervirial theorems.

FH like theorems connect average values of energy derivatives by some parameters to those of
Hamiltonians.

We want to take attention to the fact, that for singular potentials in Schrédinger equation, when
SAE is necessary, FH theorem also should be modified.
Indeed, in atraditional way [23], we consider a wave equation of the form

F(E,A)w =0 (4.1)

where ¥ is the wave function of a bound state with energy E, which depends on the parameter A,
Then we can write

2 e[ o E o _
Py <"”‘F‘V’>_<az ‘F‘W>+<W OE 04 oA W>+<V/‘F‘ az> 0 (4.2
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If F has the property that (this property isfulfilled in the regular (3.2) case!)

<wlF|2—Z>=<F ‘(Zﬁ> (43

then in view of (4.1), from (4.2) we obtain

oF
OE <W oA ‘”>
or [ JoF @
k)

If F=H —E, then (4.4) reduces to the usual Feynman — Hellmann theorem [23-24]

oE oH
e | (4.5)
Now from (2.7), (3.1) and (4.1) we have
d’ ,2d ( )
F=—r1r + A(r
dr? r (r (4.6)

and in the singular (3.30) case, instead of (4.3) we obta| n additional term on the right side

<n 6Rn>=<FRn‘%>+|im{ar(r’ﬂ)iaar(r,ﬂ)_aar(l’,l)dar(r,i)} (4.7)
yl oA r—0

dr oA oA dr
and it follows
)
oE oA
T T eE (48)
l//‘aEW
where
. d orR,(r,4) oR,(r,4)drR (r,4)
B=IlimrR,(r,A
rg{ RA 7, Py} dr (4.9)

We see that FH theorem is mOdIerd aswell.
This happens because F is not a self-adjoint operator in singular case (3.30) and the fundamental
relation
(w|Fle) = (Fylp) (4.10)
does not takes place. Therefore the SAE procedure is necessary.
Inserting (3.35) we obtain

a5 G ;
B= 2P|:anst aidd & add a/lt +_|Irr{4panstanaddlnr an,addr 2P} (4.11)

Consider some consequences for Schrodinger and one body Klein-Gordon equation.
a) For Schrodinger equation P is given by (3.32) and for singular

limr?V = -V, (V, > 0) (4.12)

r—0

potential from (4.7) we obtain
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OB, _ /g |aﬁr _ _
oA "o oA nadd 52
1 dP

. -1 2
- %d_ﬂ, Irm{‘]'Pan,stan,add r~inr- an, fad I

(4.13)
~1-2P }

We see that the last parenthesis of eq. (4.13) is divergent expression at the origin, except the regular

P
case or whena,,, =0. Therefore only for 27 =0 has this expression a viable sense, i.e. when we

choosed = m,V, orl.

So when SAE procedure (which is necessary in a singular potential case) is not used, the FH
theorem takes usual form (4.5).

When P does not depend on A (A # M,V,, 0r|) there remains only the first row in (4.13)

oE oH P da da
L= <Rn‘ - Rn> +E|:an,st %dd — Ay add a—r;t:| (4.14)

oL o

In particular case, whenP =0, calculations must be performed by function (3.40). In this case
singularities from (4.13) disappear. We find

aEn _ 6|:| r 1 88-n,add aan,s'[
<Rn Rn>+%|:an,st o, e o (4.15)

or \ "or
a) For one body Klein - Gordon equation

R”+§W+BE—Vf—m?—mZD}R=O (4.16)
r
We obtain for 4 #V orl

oE 1 oV B

— =—_Y(E-V)—)-——=

oA E—<V>{<( )az> 2} i

And for A =M we get

ﬁ — m + P{a aaadd a aast }
om E-(V)

(4.18)

where

P=(+1/2)2-VZ >0 (4.19)
The main result here is that in case of singular potentials Feynman-Hellmann theorem has to be
modified.

V. Conclusions

In this article we consider problems, related to the singular potentialsin light of hypervirial and
FH theorems. Main results can be summarized as follows:
1. We have derived a hyperviria theorem for general second order differential equation.
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2. For regular potentias we have generalized known results concerning the Schrodinger
equation ( virial theorem, wave function and its derivatives at origin, recurrence relations
between average values of different powersof r)

3. Weobtain viria theorem for singular potential, by means of which some physical results are
derived (existence of one level for pure r potential, possibility of having massless bound
state for repulsive and attractive Coulomb potential in the two-body Klein — Gordon
equation).

4. We have derived the modification of Feynman-Hellmann theorem for singular potential,
when the SAE procedure is necessary.
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