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Abstract:

The approach is developed to the solution of a problem of three bound constituent
quarks (baryon) on the basis of Salpeter equation with two required 8-component
spinors, having clear physical meaning in the spirit of a particle-antiparticle
(baryon-antibaryon), without so-called relativization of full wave function. The do-
ubtful character of consideration of two-particle interaction under quark
confinement conditions is stressed. It is proposed to use expansion in terms of hy-
perspherical harmonics for calculations of compact bound systems with three-
particle interactions. Two elementary types of the central three-particle interaction -
linear and oscillatory potentials are considered. The approach proposed in this
paper will be applied numerically to light baryon calculations.
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1. Introduction
Advances in nonrelativistic quark models for description of the bound states of gqq -systems are

well-known [1]. However relatively large binding energies of light baryons (N ,X, A, ZE, A, Q),
consisting of constituent quarks(u, d, s), lead to the necessity of accounting for relativism. The

relativistic-covariant approach is realized within the framework of Bethe-Salpeter (BS) equation [2]
generalized to three particles [3]. The homogeneous integral BS equation for the bound states of
quarks is derived from the first principles — the 4-dimensional six-point Green’s function has a pole
at energy equal to bound state (baryon) mass [4-6]. Therefore quark confinement (lack of the free
spectator quark, or lack of asymptotic states of the inhomogeneous BS equation) does not interfere
with the statement of the equation for three bound quarks, rather it specifies the basic role of three-
particle interactions in baryons. However, problems related to probabilistic interpretation and
normalization of a wave function arise. The absurdity of wave function dependence on relative time
of particles is enough precisely and wittily described by the following expression: “Electron today
and proton tomorrow do not form the bound state — a hydrogen atom” (see e.g. [7]). As with two
particles [6], these problems are overcome at the instantaneous approximation excluding the BS
equation kernel dependence on relative energy variables in momentum space. It is very important
that the obtained 3-dimensional Salpeter equation remains relativistic-invariant [8] and the wave
function gains usual probabilistic sense. At the same time, in a coordinate space the instantaneous
approximation arranges all three quarks on a space-like hypersurface, interquarks interaction takes a
potential character, i.e. interaction propagates with infinite velocity and effects of retardation are
formally missing. The conventional two-particle forces (considered for either reasons in the kernel
of 4-dimensional BS equation [8]) in Salpeter equation have a formal character - because of quark
confinement they really are three-particle forces. At first it is necessary to make the instantaneous
approximation in the kernel of 4-dimensional BS equation, and then to talk (or not to talk!) about
multiparticleness of interquark interactions, rather than the reverse. The principal virtues of Salpeter
equation — relativistic invariance and simultaneous affinity of potential reviewing to a
nonrelativistic picture, make this equation especially attractive for the description of baryons. At the
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same time the present state of QCD does not allow a build-up of the kernel of BS equation and
consequently we are forced to choose it phenomenological.

The basic role of three-particle forces in calculations of baryons together with phe-
nomenological choice of Salpeter equation’s kernel pushes us to use expansions (for required wave
functions) in terms of hyperspherical harmonics (HH) most natural for this case [9, 19, 20]. In
particular, using solutions of nonrelativistic Schrodinger equations with oscillatory three-particle
potential along with simplification of analytical calculations we hope to achieve fast convergence in
specific numerical calculations. In a sense it is possible to consider this paper as prolongation of
early examinations for qq systems [10-11].

1. Bethe-Salpeter amplitudes

2.
BS amplitudes of three quarks (making a hadron) ;((: :‘zza} and their adjoint ;7(: r;zas are defined as fol-
lows
Koy %05 %5, %5) = (O[T [y, (%), (%)w,, (%)]|Pn) (1)
T, 45 %05 %) = (PN T[7,, (X)7,,, (%,)7,,, (%)]]0) . ()
Here: Heisenberg's field operators
v
e M A e (3)
£
v,

(annihilation and production operators of quarks, respectively) satisfies to Dirac’s equations:
(i7"0, =My () =0, F(x)({0,7"~m)=0; )

X, X,, X; are usual space-time coordinates: X" = (x°, X), X, =(X,, —X); The index ¢, =q, f;,C,
denotes the set of flavor ( f,) and color (¢;) of the Dirac quark field (q;);

O> - vacuum state and

|Pn> - state with total 4-momentum P and with a set of other quantum numbers ,,n . Entering in

Dirac's equations (4) y -matrixes, satisfying to Clifford's commutation relations

yrytyty" =2g™ (5)
with metrics
9™ =9,, =diag(l,-1,—-1,-1). (6)

in Dirac’s picture have the following (block) appearance:

o (L O) S (08 e e s s -
7/_0_137__5_077_7/37_}/9

where the 3-dimensional vector ¢ =(o,,0,,0,) consists of Pauli matrices:
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(0 1} (o —i] [1 oj
o, = , O, = . , O3 = 5
1 0 i 0 0 -1 (8)

0,0; =g 0, + 0.

By means of bispinor space-time translation at shift (X — x+a)

ey (x)e "™ =y (x+a) )
We have
Z;r;m(xl,xz,xg e'Pa;(;’lz%(xl +a,X, +a,X, +a). (10)

Choosing a =—-X and taking the determination of Jacobi coordinates into account (see. Appendix),
we will obtain

T (XX, %) =€ P (11,6), (11)
Koo, (1:6) =

= 00T (b e (o o (e ).

Similarly for adjoint amplitudes we will obtain the corresponding relations:

—Pn

_iPX
szlaz% (Xl’ X2’ X3) =€

T, (11,6, (13)
T (1,6) =

={(Pn|Tlwr ] “ 7700 I 3 7| - M2 000
< | [l//"’l ﬂl(ﬂﬁﬂz)m ﬂlwch Va, /12(/11+/12)77+ ﬂ1+ﬂ2§ Va, 1 ¢ ]| >

BS-amplitudes in momentum space (K -representation) we calculate using relations (11) and (12):

(14)

ZPn (k] , kz, k}) — IdXIdXZdX3eikIX1+ik2xz+ik3X3zpn(Xl , X2, X3) —

— jdXd?]d §eiKX+iqry+ip.§—iPXZPn(77’ f) _ (15)
=127)'s(K-P)z™(a,p) = 2" (K; q, p),
27'(a, p) = [dnd e 1™ (&) , (16)
where | =1/(1,41,)" represents Jacobian of transformation from Cartesian 4-momentak,, k, and

k, to Jacobi 4-momentaK, ¢ andp. In these relations for convenience the lower indexes of
amplitudes are omitted. Inverse transformation:

Pn

dp —iqn— |p§ Pn 17
(2 ) ) € (9, p). (17)

For adjoint BS amplitudes we have:
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77 (kK k) = 127) 5(K = P) 7™ (a,p)= ™" (K; 0, p),
77, p)= j dndge™ % 77 (n,£), (18)

—Pn

dp |q77+|p<j —Pn
(2 ) ) — ¢ (0, p)

3. The six-point Green’s function for three quarks
The six-point Green’s function is defined as follows

X5 Xs3 X{, X5, X3) =

oo (X
4,000,053 1°

T (19)
= (O[T [y, (X)W, W, (X)W e D o (X, (X2)]]0)

Using transformation (9), similar to relations (11) and (12), it is easy to get its translational-
invariant expression:

Ga]azaﬂ]’aéag (XI’ X2’ X3; Xl” X;’ X;) = Galaz%a{aéaé ( X-X ’; n, é’ 77’7 ‘f,) =
= 0 T Hy Hy Htiy % 20
< | [l//al ( H (/’1 ) )77+ R} : WO{Z \J Hy (/11 ) ) \J H +ﬂ2 l//a3 Hy : ( )

—iP(X-X") — [7 /7 " / .
€ Vey (V”l“ﬁ'”@ V#ﬁﬂz )V/‘ZZ( Vyz(y11+u2 \/ﬂlﬂjz )l//a;( A 1#32§j|0>.

In Kk -representation we have (the lower indices again are omitted)

G(k,,k,, ky; ki, k!, k!) =
1K X Ky X, +iks X5 —iky x| =ik x5 —1k; X3 . _
:J.dxldxzdx3dxl’dx;dx;e PR TR TEATRR TR G (X, Xy, X35 X{5 X5, X3) = (21)

=17(7)' (K - K"G(K; g, p; 9, p"),

where

------

G(K; 0, p; ', p') = [dXdpd &dry/dg'e" v REG (X & &) . (22)
Inverse transformation:

dK 1oz
j—e(zﬁ)4 (X;7,8:7,8") =
dq dp dQ' dp, —iKX —iqr—ip&+iq'n'+ip'&;
e ‘G(K; 23
j(2;;)“ 2n)* 2n)* 2n) (K:0.p:9>0) )

To define contribution of qqgq-system bound state to the Green’s function, we will substitute a

complete set of states Z| n><n| =1 into expression (20):

G(Xl s Xza X3’ Xl,’ X;: X;) = Z<O|T[l//al (Xl)l/loz2 (XZ )l//a3 (XS)]| n>

X (| TL7, (XD (X6, (%3] 0) % (24)

x G[min(X,y, X, X30) —max(X/,, X5, X30)] + -.-
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Among all possible summands we select the term, in whom three quarks are the product in time-

points X,,X},, X, and space-points X,’, X,’,X, (production operators 7 ) and they annihilate in later
time-points X, , X,,,X;, 10 space-points X, X,,X, (annihilation operators ). Therein lies the

essence of propagation of a hadron as a whole consisting of three quarks. This circumstance is
provided by step-like #-function(e >0, ¢ — 0):

i 7 el 1,z>0,
@) 27[;[0 K+ie {O,ZSO. 25)

Further for calculation of a bound state contribution in this selected term we will make replacement:

dK 2 2
Zn:|n><n|:1—>J|KB>W¢9(KO)(27r)5(K -M)(Kg|=1, (26)

Ky =(Qg,K), Qg =M2Z+K?. (27)

Let's note that condition of completeness (26) is equivalent to the Lorentz-invariant relations:

where

0K
JIKe) Gy, el =1 (28)

(Kg|Kp)=2Q,(27)’S(K-K") .

So, the pure contribution of the bound state | KB> to the Green’s function is equal

dK — NS '\, !
B = [ ey (0TI 0w, v, I Ko (K [TI7 ()7, ()7, ()1 0)

49(K0)(27z)5(K2 -M é)@[min(xlo, X0 X30) —Max( Xy, X395 X30)] -

(29)

At calculation of B we use the definition of BS-amplitudes (1) and (2) together with the definition
of the step-like function (25) and formulae of transformation from X- representation to K -
representation. In the limit K — K; (more precisely, K, — € ) we obtain the following expression

of the six-point Green’s function with a pole [4-6, 8]:

- P AICNIFAICH DI AICE )V AICHN:D
G(K;q,p; d, > - =l - . (30

(9.5 9 P) i 2, K, —-Qg +ie K?>—M; +ie G0
It is obvious that other members arising in expression (24) not only because of other time-orderings,
but also other intermediate states| n> , give a regular contribution.

4. BS equation for three bound quarks.
Based on works [2, 3] and according to the representation of the six-point Green’s function in the
form of decomposition in an infinite series with respect to interaction constant, it is possible to get
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generalization of non-uniform integral equation of BS in case of three fermions (see, for example,
[8]). So, in X - representation we have:

G=G,-iGK G=G,-iGK G, . 31
Here in symbolical record the following multiplication rule of operators is assumed:

[AB]alaz%al’aéaé (Xl 4 X2 ’ X3; Xl" X; 4 X;) =
. RN (32)
= z IdyldyZdy3 Aa1a2a3ﬂ1ﬂzﬂ3 (Xl’ X2’ X3’ yl’ y2’ yS)Bﬂlﬂz,ﬁ}al’aéaé (yl’ y2’ y3’ Xl’ X2’ X3) :
BiBabs
The Green’s free function
O, a3010505 (Xl b XZ > XS; Xl" X;’ X;) = Sala{ (Xl > Xf)sazaé (XZ’ X;)Sa3a_§ (X3 ’ X;) (33)
is expressed through product of full propagators of constituent quarks
S (X %) = (O[T, (x)7,, (1] 0) ,
K+m i
S(X,X)=S(x—=x) =i g K 34
(% x)=3( )= J.(2)k2 m’ +ie (34)

k+m [
—m*+ic K-m+is

S(k) = [ dxe™*S(x) i "

where the Feynman rule of poles bypass is chosen: m - m—ig (>0, &€ > 0). The kernel K of
the equation of BS, generally speaking, is the sum of all possible two- and three-body connected
irreducible diagrams, which, in turn, are caused by interactions of two- and three-fermions. However
in case of quarks, because of confinement, there is no particle-spectator (a free quark) and therefore
it is reasonable to consider only irreducible kernel of three-particle interaction. Moreover, due to the
lack of asymptotic states with free quarks, there is no sense in considering the non-uniform equation
of BS. But before, using the relations (15)-(18) and (19), (21)-(23), we will write down BS equation
(31) in k -representation:

G=G,+p8GK G=G,+pGK G,, pB=-il". (35)
Taking into account a multiplication rule of operators

[A(K)B(K)I(@, p; 9, ) =

dq" dp" " 14 " n, (36)
K;a,p; a", p)B(K; 9", p"; 0, p)
I 2n)* 27 )
in expanded form this equation registers as follows:
G(K;a, p: 0, p) = (27)"6(q - 4)(27)" 5(p - PGy (K:a, ) +
d " d " " 14 14 14 (37)
+G,(K;g,p)f P ~

27)" 27)

where

62



GESJ: Physics 2013 | No.2(10)

ISSN 1512-1461
G, (K0, p) =S(k))S(k,)S(ky) , (38)

and K, k, ,k, variables also are defined by relations (A.2). Let's note that in the case of a choice of
standard coordinates of Jacobi | =1and f =—1. Now we have all necessary to write down the BS
equation for bound three quarks. Let's multiply the equation (39) on (K* — M +ig) and then pass to
the limit K — K :

ZKB(q,p)=ﬁS[MKB+ il q+ 4 £ pjx

Mt 4 Mt 4
xs[uzKB— B g, Lp]x (39)
a2 M+
d ' d' !/ [ ! [
XS(IUSKB_ /u3(/u1+lu2) p)J. q p K (KBaqapaq,p)ZKB(qap)

2n)" 2n)*

New equation from the first equation (35) follows

G,'G=1+pK G, (40)

where
G, (K;q,p;q, p)=(27)'5(q-9)27) S(p- PG, (K;q, p)I ™, (41)
[1(K)I(a, p; ', p') = (27)*' 5(q—-a)(27) S(p-p'). (42)

It is easy to check that expression (42) is the “solution” of relation (36) in case of A=B=1. From the
equation (40), in turn, relations follow:

G,' - pK >G=1,} )

G, -pK =G".

If G™'(K) exists, then differentiating the equation (40) with respect to K, and using relations (43),
we come to the expression:

1 -1
G _ gL _zK |5 % ¢ (44)
oK, oK, oK, oK,

Now we will pass to the limit K — K and use pole-expression (30) for the Green’s function. As a
result so-called conditions of normalization turn out:

iZKB (LG_IJ ZKB — ZQB’
K o

0
oK,

| (45)

i I dg dp dq dp
Q) 2r)' 2r)* (27)

772, p){ G(K;q,p; q, p’)} 7@, p) =20, .

Ko=Q4

5. Three dimensional relativistic equations.
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As stated above dependence of BS amplitude on relative time of particles in X -representation (or
on relative energy of particles in k- representation) creates difficulties with the probabilistic
interpretation of the wave function. One of the ways to overcome these difficulties consists in ave-
raging with respect to energy variables [12]. Below by analogy to work [11] at first we make the
averaging of the BS equation with respect to "energy" variables which leads to quasipotential
equation. Next we take the kernel of this equation in instantaneous approximation and obtain
Salpeter equation. Natural generalization in the case of three particles is the concept "double tilde

operation" for arbitrary A(K g,p;q.,p)= A(K 4, p:q,p"):

o, = o dq, dp, dg, d
A(K:0.P: 0. ) = AK: 2R = [ 71 2‘“7’; 20'7; 2'“°A(quq ). (46)

(Here and below we use contracted notations from Appendix A). For the free Green’s function we
have:

I . dg, d
Gy(K: &R = (2m)" (= k) T2 726, (K:0.p) (47)

Integrations taking into account the Feynman rule of pole bypass m —>m—ie (& — 0) give the
following result:

G (K;7, &) =il (27) (R — R') x
{ A7 (KDAS(K)AS () N AL (K)A; (KA (k) } 100

K +ie—a,(k) - o,(k) - o,ky) K +ay k) +aK,)+ayK,) 07 (%)
=il 21)° 5(k - /z')[KO +ie—h(K)-h,(K,)—- h3(IZ3)] MK; &)y -y @y
Here the projector operator
TIKGR) = AT (KA (K)AT () + AT (KA (K)AS (k) (49)
is expressed through usual one-particle projection operators
A* (k) = ‘”(';L;G(h)(k) (50)

where h(k) = VoV K+ 7,M - is the Dirac Hamiltonian of a free particle and a)(IZ) =+m?+k* . When
obtaining expression (48) we use the following relations

7h(K) = h(=k)y,.,
Yo" (—K) = A*(K)y,,
h*(K) = &,

h(K)A*(K) = oA *(K).

(1)

In center-of-mass system (CMS)K = (M, 6) :
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G,(M; &,&") = F,, (&, &)[1(-7) , (52)
FM (’Z:’ZJ) =il 1/4(2”)65(72_’?)[“/' +ig— h1(k1)_ hz(kz)_ h3(k3)]_l 7(51) '7(52) '7(53) . (53)

On the grounds of the projection operator properties, it is possible to show that for the free Green’s

function GO there is no inverse operator éo_ '. Let’s perform the double tilde-operation (46) over the
BS equation in CMS:

G=G,+6K G. (54)
Inverse operator of C:S has the following appearance:
G'=G;' -G 6K GG;'+pG Bk GG;'Ek GG ... (55)

Direct check givesG™'G =1. However, since GO’ " doesn't exist, from equation (55) it is clear that

G ' doesn't exist either. Let's introduce such auxiliary operator

G'=F+p6K G, (56)

that for it there is an inverse operator G'~'. From equation (54) and relations (52), (53) we obtain:
G'=G+F, (&,&)[1-T1(-7)] . (57)
The inverse operator:

é”:u+ﬂF”§% GI''F'=

—F'-pF6k GF'+pFBK GFEK GF'-..=F'-U. Y
Here the quasipotential U is defined by the following expression:
u=pF6K GF'-pFk GFEk GF 4. (59)
From (53) we obtain:
Fo (£,8) ==l " 27)° (K =Ky 7y 7o [M +ig —h (k) —h,(k,) —h,(k;)] . (60)
Thus, we have relations:
GG =GC ' =1, 61)

which are confirmed by direct multiplication of expressions (56) and (58). From the pole- type
Green’s function (30) and definition of "double tilde operation" (46) we obtain:

&~ G i Dy, (K)Dy, (K) zi%(ﬁ)&m(f’)
MoMa TIOMG(M =M +ig)  MP-M]+ig

(62)
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where
dg, d
@, ®)=[2 " @p). (63)
Substitution (62) into (61) leads to the equatlons
G- ‘v, =0; ®,G" (64)
which can be presented in expanded form:
[G (M7, &), (R)dR =
(65)

jcp (®NG (M &, &) &

Substituting expression (58) for é"‘ together with expression (60) for F,,' in equations (65), we
obtainthequasipotentialequations for three bound particles:

[M iz =y (k) =hy(K,) = hy(K)) |, (%) =

A () @) (3 o o dg’ ~, (66)
=iy 7 JUMSE, %) Gy O )
ch(zz)[M +ig—h (k)= (k) —hy(k;) | =
di’ (67)
—il"[d (1) (2) 83) U(M:&, &
Jou® 70 gy Y MER)
Dy, (K) =@y (K)1y" - 75”757 = Oy (K). (68)

Now we will deduce some useful relations. We multiply the relation (58) on the right oné', and
then on the left on F :

G'=F +FUG'. (69)
Comparison of relations (56) and (69) gives compact expression for quasipotential:

U=pF'6K GG. (70)

In a kernel of the BS equation (33) we will make so-calledinstantaneous
approximation:

K (K;a,p; 0,p)—>V(M;q,p; d,p). (71)
Direct calculations give the following result:
6K G=6VG=Fl(-<VG. (72)

At first we will insert expression (72) into relation (70), and then the obtained expression in relation
(58):
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G = F' - AI(-RNVGG"™ . (73)

After that the equations (64) assume the following form:

{F@M - A(-RNGG D, -

O, F ' = b, [I(-FNVGG'.
From relations (57) and (62) it is visible that in a limitM — M, the equalities G:’ ~ é and there-

fore éé"l =1takes place. In this case the equations (74) become simpler:

(75)

Fo, = AI(-END,, ,
@, F' = D, [I(—-&V.

From here, using relations (60) and (49), we obtain Sal p e t e r equations:

|:|\/| +i8—h1(lzl)—hz(Ez)_h3(lz3)Jq)M(’E):

— 1SFR )L - '7é3).[V(M ;,zy,z')ﬂq) (&) ; (76)
@ M

dDM(’?)[M +i‘9_h1(iz1)_hz(lzz)_h3(iz3)]:

A& ~ L,
20 (&) 75" - 7NV (MK, K) .

(77)

=17 [ @, (%)

These equations can also be written in another form. So, for example, acting on equation (76) with
operator [M +ie—h, (Izl) - hz(lzz) — h3(l23)]_1 at the left and using relations (51) we shall obtain

Salpeter equation in the form:

I { AT KA (ALK | A;(k»A;(k»A;(ko} )

Mtic—o-0,-0;, M+o+o,+o (78)
. . dx’ —
xyé”.;/é”-733)IV(M;K,K)W®M(K)'

From here, taking A*(K) projector operators properties into account, it is easy to obtain very useful
additional equations:

D (K) = Dy (R) = 0y () = @y, " () = B, () = " (§) =0, (79)
where
D (R) = Af (KA (K)AS (KD, (R) - (80)
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Further, representing 64-component spinor @, (x) in the form of a block column involving

D, D,,.., D, cight 8-component spinors

D, (%)
@, (%)
(k)
| Du(K)
(k)= o.(%) | (81)
D4 ()
D, (K)
DOy (x)

and solving six (block) equations (84), it is possible to express the spinors @, (i=2,3,...7) through

two spinors @, and @, :

O, ={(1-£)4D, + (1+ )4 L,D}/ (1+ £,6,8,),
DO, ={(1-¢&)A4P, +(1+&)AA4D}/ (1+&6,8,),
®, = {1+ ‘91)/1213@1 -(1- 8283)/1[(1)8} /(1+ 818283)7

®, = {(1- £,6)AD, + (1+ £)AAD /(14 5,5,,) (82)
DO, ={(I1+)A4LD, —(1 - £,6)A4D}/ (1 + €,5,¢,),
O, ={(I1+&)A44LD, — (1 - £&)A,D,}/ (1+ €8,8,),
where
Ak) =6,k /o) +m, Ah=g, &=(o-m)/(@+m), s3)

(6-a)(&-b)=a-b+ic-[axb]

Thus, the determination of 64 components of the spinor @, is reduced to the determination of 16
components of two 8-component spinors @, and @, . Let's note here that in calculations with direct

multiplication of matrices, it is important to adhere to the one chosen multiplication rule
everywhere.

The Feynman rule of poles bypass m —>m—i¢ (¢ >0, £ > 0) in the full propagator of the quark
(34), as it is known [13], leads to the possibility of the motion of particles both forward and
backward in time. The particle moving backward in time is equivalent to an antiparticle moving
forward. This rule maintains the covariance of the theory as infinitesimal imaginary addition —ig is
entered into invariant mass m . However, another possibility of poles bypass exists: k, =k, +ig . It
violates the covariance of the theory and corresponds to the propagation of particles only forward in
time (there are no antiparticles), i.e. in this case we have only the retarded Green’s function:
S(x) =0, when X, <0. If in the calculations mentioned above we replace the Feynman propagator

i(k+m)/(k>—=m? +ig) on the retarded Green’s functioni(m+K)/[(k, +i¢)? — @], instead of the
relation (48) for the averaged free Green’s function we will get an expression in which the
projective operator ﬁ(K;E) is replaced on "1":
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G, (K;7,&) =il (27) (R — &)

84
[ K +ig—h (k) —hy(k,) - h(k)] Dy @ &9

It is clear that because of the absence of projector operators in the expression of GO there is the

inverse operator ég ', and alsoéfl. As a result we will obtain equations of the form (66) and (67)
with a modified quasipotential (see expression (70)):

U=pG"6K GG, (85)

Performing here transition to instantaneous approximation (74), we get a simple expression for
"quasipotential"U :

U=p. (86)

Further substituting this expression in the equation of form (66), we come to a generalization of the
known equation of Breit [14] for a case of three bound particles:

[M +ie—h (k) —h,(k,)—h,(k, )]CD (12):

. (87)
— |9/4 él) (2) 3) V M (D 1
y PV, E L B ) w (&)

Externally this equation differs from Salpeter equation (76) only on factorf[(/?). Behind this
seemingly simple difference there is sufficiently deep physical sense (see, for example, [15, 8]).
The matter is that BS amplitude dependence on relative time is caused by the existence of
antiparticles. Existence of antiparticles gives the possibility to particles move in time back. Motion
forward-back in time makes essential configurations for which individual routes in time are

different for the bound particles and so relative time is large. The projector operator ﬁ(l?) in

Salpeter equation is that "relict" of averaging of BS equation which corresponds to the contribution
of these configurations in bound state amplitude. At the same time, as well as has to be, relative
time in Breit equation completely disappears. In it the contribution of antiparticles absolutely is
absent, but the relativistic kinematics is considered. If the covariant choice of rule of pole bypass,
and also covariant form of instantaneous approximation (71) at the expense of introduction of
variables of the Wallace-Mandelzweig's [16], results the Lorentz- invariant Salpeter equation (see,
for example, [8]), then in case of Breit equation the Lorentz-invariance is violated from the
beginning because of the not covariant rule of pole bypass.

As it was noted above, finding of full Salpeter amplitude is reduced to finding of two 8-component
spinors. This circumstance favorable distinguishes Salpeter equation from all other 3-dimensional
relativistic equations, and further we effectively use it at construction of amplitude and solution of
equation.

6. The normalizing condition for amplitudes of quasipotential and Salpeter equations

Let's multiply equation (58) on the right on C:5’ and then differentiate the obtained relation with
respect to M:

:( ~ -1 ~
G _ Gk Vg (88)
oM M oM
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Taking into account relation (62) this expression in point M =M, will register as the following
normalization condition:

1 ¢ de - . . . dx dx' - .

177 ey P O~ o GO 1 .
6 = ! —!

x[mU(M;K,K)}M_MBCDM(K)=2MB .

In instantaneous approximation from (71) and (73), it follows that quasipotentialU = SI1(—<)K

Substituting this expression in condition (88), we will obtain the general normalization condition for
Salpeter amplitude:

O dlzﬁ D' (B)D, () -
I (27)

2 R AR e el 0 o ) (90)
- J-(zﬂ.)é (272.)6CD M(K)H(_K)[—a'vl K (M;K‘,K)}M=MB CDM(K):zMB )

If the kernel K (M ;x, k") doesn't depend on the mass M, the second term in (90) vanishes and the
normalization condition becomes simpler:

lj‘dl?

L L S
|7 (2”)6(DM(K)(DM(K) 2My . 91)

Taking into account relations (81)-(83), we shall obtain an even more simplified normalization
condition:

di _ 2 ~ |2
[ (2;)6 N @0 @] +@o@f}=2M, (92)

where
I (I+g)+e)l+g) 1 4ooo,
| 1+ ¢.8,¢, " A

N (¥)=
(93)
A= %(a)1 +m) (@, + M) (@, + M)(1 + g,6,8;).

It should be noted that only two 8-component spinors enter into a normalization condition (92) in-
stead of one 64-component spinor.

7. Symmetry of the Salpeter equation and construction of Salpeter amplitude
Charge conjugation C , space parity P and time-reversal T operators for baryons are obtained
by direct multiplication of corresponding one-particle quark operators and in & -representation
operate as follows:

C Dy (K)=r72 77> '7/072(1);(’2) >

P CDM(IZ")=]/0-]/O-}/OCDM(—IZ), (%94)

T (&) =—iyys- 77 7Py (—K) .
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From here we obtain action of operatorC P T on®,,(x):

CPT O\ (K)==y¥s 7o¥s VoV sPu(K) , 95)

where 75 =iy,,7,7;- Therefore C P T -symmetry of a strong interaction will be expressed by the
following commutation relation (see eq. (76)):

[767s - 7075 V75, V(M3 K,K)] =0 (96)

Besides, @,,(x) solutions of Salpeter equation (76) have also a certain value of parity 7 since
parity operator P kommutes with interactionV :

P (DM,H(’?):”@M,”(’?)- 97

Further, in Salpeter equation (76) with a negative value of mass —M <0 we shall insert expressions
L=(yors Vols VoV (Vo¥s VoV " Vo¥s) before amplitudes @, ,ﬂ(’?) andq)—M,;z(k:’) . Then the left

expressions y,7s - ¥,/s - 7./s we shall carry up to the end to the left, using a kommutator (96) and an
anticommutator

{ro75sh(K)}=0. (98)

The "new" Salpeter equation, which is obtained as a result of these manipulations, already describes
a baryon with the positive mass M >0 and opposite parity —r :

Dy (K) =775 Vo5 7oVsP . (K) - (99)

Really, by means of relation y,y; = —y,y, and by direct calculations we receive:
P @}, (kK)=-7nD},(K). (100)
Thus, the solution @), (k) describes an antibaryon. Also taking into account zero anticommutator

(98), from relation (99) we obtain the following connections:

{®K4+,+;z(’z)—7075'7/075'7075q)M,zz(’z)’ (101)

@y (K) =705 Vo¥s VoV sPTW - (K),

where the summands of positive and negative energy (®,,” (k) and @, (k) ) of the total Salpeter

amplitude
Dy (K) = Dy () + Dy, " (K) (102)

are defined according to relation (80). At the same time the component-wise structure of Salpeter
amplitude (76) and relation (99) (with an explicit form of matrix y,y - 7,75 - 7,75 ) allow to explain

the physical sense of 8-component spinors in the spirit of "particle-antiparticle":
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D, (B) ==y (F) } (103)

CDIMS,—”(’Z‘) = cD—Ml,;r(’Z) .

Baryon consisting of three constituent quarks is described by the total Salpeter amplitude
q)i,,”MJTMTS (81) having a quite definite quantum number set: JM, — the total angular momentum

and its projection, 7 — space parity, TM; — the total isospin and its projection, S ~ — strangeness.
It is possible to be convinced that two 8-component spinors @™ and ®I™ " (which are

components of the total amplitude) have almost the same quantum numbers set. Elimination is
orbital parity. Here the lower indexes «z» and «—z» designate numerical values of orbital
parity 7' . In the former case numerically it is equal to total space parity, and it is opposite to it in
the letter case. All this can be checked up acting with a parity operator on @, (x) (using an
explicit form of matrix y, -y, - 7,)

@, (-x)
—(Dz(—k" )
_(D3(_’Z‘ )
_ | Du(=K)
P @y (&)=7, 7, 7Pyu(-K)= c (104)
_(Ds(_K )
q)s(_k: )
(D7(_’Z: )
—0y(-K)

and then line by line comparing the obtained expression with 7-®, (k).
Further we shall construct the required totally antisymmetric 8-component spinor

OIS * ((D,J\AMSJI';"TS " can be constructed similarly; labels are borrowed from paper [8]):

ISR H{[v“(ﬁ)]k;[%s]nS}JMJ'[coTMTS*LF}S-CA} - (105)

R R (R ;

Here: |y (¥)| is space wave function (WF) in & -representation with total orbital momentum
R\

L, orbital parity 7 (coinciding with baryon total parity) and quarks permutation symmetry
R, E{S , Mg, M, } [17]; [ ;(S]R is 8-component spin WF (spinor) with total spin S and

symmetry R e{S Ms .M, }; [(pTMTS*} is flavour WF with total isospin T and its
R

projection M, , strangeness S = and symmetry R . € {S Mo M, A }(see Appendix B) and c,

is the function describing totally antisymmetric color (colourless) singlet.
Let's pay attention to one circumstance. In the proposed approach there is no need for the so-

called relativization of the Salpeter amplitude ®j, "™ * [8], as its spinor (and, therefore,

“ . . . . . IM;TMS * [/ = IM;TMS
relativistic) structure is ensured with required spinors ®,,’ "™ (x) and®,,¢ " (x), whose 8-

component structure in turn is set by spin WF [ 7 ]R . The remainder gives us the solution of
S
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the Salpeter equation with required unknown coefficients in expansion of space WF with given

symmetry| " (&) | . The most laborious is the construction of this space WF. At their construc-
R

tion we use expansion on functions ‘Pk‘,:zLML () (see.(A30)) which are solutions of the nonrelativis-
tic equation with an oscillatory potential (see below the nonrelativistic limit of the Salpeter equati-
on). They contain the hyperspherical harmonics (HH) (or K -harmonics) ¢,I(q"’ (QQ.). Per se HH

}'2'” (€2.) have no certain symmetry with respect to permutations group S, , i.e. they are not basis

functions of the irreducible representation of this group. By the action of the so-called Young opera-
tors [9] on them we reach certain symmetry. These operators, in turn, comprise quark permutations
operators. As a result in expansion appear the HH with different sets of the coordinates obtained
from the set 1=(123) by cyclic permutation of particles: 2 = (231), 3=(312) (see. Appendix A).

Therefore it is necessary to have a relation between them. This relation with coefficients of Reynal-
Revai [24, 9] is provided:

¢EJ|ijML(Qi) - .Zul<|qi|pi ‘Iqjlpj>KL @) (106)

Because of invariance of the 6-dimensional operator A. concerning rotations and permutations

of particles to Reynal-Revai coefficients conserved quantum numbers K and L are assigned. By
means of relation (106) it is possible to express the result of Young operator actions through
HH ¢|'<1'LZ functions of one type that considerably simplifies calculations. The problem of the
construction of full orthonormalized basic function ¢ '“” of group S, is solved by the calculation
of so-called symmetrization coefficients which are expressed also by coefficients of Reynal-Revai
[9]. Here {f} is Young’s diagram: {3} — symmetric and {I’} — antisymmetric 1-dimensional repre-
sentations, {21} — 2-dimensional mixed symmetry representations; x4 — Yamanouchi symbol for
{21} diagram (representations 85 and 8, for =1 and u =2 ,respectively); o — the number of

identical representations of S; group. After that it is necessary to determine unknown coefficients

in expansion of space wave function[t//”L(/?)]'2 already by the solution of the Salpeter equation.

8. The Salpeter equation with the three-particle central potentials (oscillator and linear).
Nonrelativistic limit.

The most popular (local) potentials used in calculations of quark-antiquark bound systems [21] are

easily generalized in the case of three-quark bound systems ( p -representation, see. Appendix A):

(BVa15) =TIV, (5.5) = 11,65~ BV, + 17,071, (107)

A S |
Ho:?E(}H(K):Z{l'l'l"‘?/o'70'1+70'1'70+1'70'70} > (108)

where V, and 17, - parameters of three-quark interaction. Values n=-1,1,2 correspond to Coulomb,

linear and oscillator potentials, respectively. The multiplier e* (&£—0) is introduced for
regularization of potentials in x - representation. Here at y, - matrices we omit quarks indexes.

In x -representation we have

RV, |&") =11, {(2@65(;2 — R, +77, [ prd ,5} . (109)
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For the calculation of integral
|, (%, &5 8) =17, [ €7 p'd 5 (110)

at first we will carry out expansion of 6-dimensional plane waves separately €’ and e on HH
@ (Q) (see. The appendix, here for brevity through K all quantum numbers are denoted), and then

produce integration with angular variables. As a result we will obtain:

o O o0
| (%,&;&) = o ;VK (16, K'5.6) P ()P () (111)
where
Vi (16, x'36) = [€7p" 3, (k) (Kp)d o (112)

The relation follows from definition (112)

n+1

8gn+l

Ve (10, x58) = (=D Vil (K,K'5€). (113)

The integral (112) for n =-1 is equal [22]:

(114)

!

K4 x4+
2KK '

° 1
V! (10,65 6) = | €%, (k) (Kp)d p = ——
0x6) = [ (50D ()P ﬁMQK%(

Here J,(2)is a Bessel cylinder function of the first kind, Q, (z) is a Legendre function of the se-

cond kind. Using known expressions for Legendre generating function, from relation (114) with
double differentiation with respect to & we shall obtain the following expression for linear
potential:

(115)
1
+—|z 7)— z
@0, @]
where
yer i _l(£+£' (116)
o’ 0 2\k k)
From expression (116) when x # k" we obtain finite values (z, #1):
, 2K +3 1
Vo) g Zé_I[ZOQM%(ZO)—QM%(ZO)}. (117)
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When x =«" we have singularity (z, =1): Ilpu x = k' umeem ocobeHHOCTb (Z, =1):

oo 2K+3 1 11 .
Vi) =22 QL (D=0, () |5 (118)

Formally there is also a second way of calculating the integral (110) which consists of the expansi-
on of the 6-dimensional plane wave €'“*” (as whole) on HH functions and the subsequent integ-
ration first with respect to angular variables, and then to a collective variable p [22]:

— =y 2 ’ p -gp N+ -~ =
In(x,x;e)=%fe 3, (R - R p)dp =
0

-
.. 119
(|K—K'|/8)2(n+5)! 1 n+1 2 (119)
= g =F| = 3; | -k /e .
8¢ 2 2’

(1+g-#]/e") 2

Here F(a,b;c;z)is the hypergeometrical function. However, this way coincides with the first if at
comparison of integrals (112) and (119) we take into account relation [23]

P, (K-K|p) =)’ ("‘; |j > " (50)d o (KB () (). (120)

The outlined approach for the determination of a potential form in & -representation we
demonstrated for Coulomb and linear potentials: n=-1,1. However oscillatory potential in this

representation can be obtained in another, simpler way. Fourier-form of potential (107) with n=2
and 7, =M Q. /2 in K -representation has the following form (see (A28) and (A33)):

&V |&) =T,V (%,&) ﬁo{(ziz)"5(/?—/2')v 2r)° 2Q |:A_,,5(K' )}}:

V>} .

For simplification of further calculations we will write down the Salpeter equation (76) in a differ-
ent form:

(121)

—~2

=11, {(2;;)65(12—;2'){\/0 — 2’;/| }+ZQO(2N +K+3)(v|&)(x

Dy (B0 ()= 1 SFU@Yy, 7, (R ) 50 ). (122)

Dy (8)=M —h (k) —h,(k,) - hy(k;) . (123)

At substitution of potential (107) in equation (122) a simple matrix product appears:
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o

%)

Yo Yo 7ol @y = - (124)

(=2} W

-3

6666886690

-1 0,

[}

where points represent zero: - = 0. Regardless of the type of potential according to relations (82) for
the solution of the Salpeter equation (122) it is enough to write out the equations for 8xl1
dimensional two components @, and® . In our concrete case we will obtain the following system

of the equations (the multiplier 1°* "is introduced" inV (i&,%") ):

DS | Y I

(Dy®),(%) =11, (&) [V (%, &), (% 'y M, (®) [V (&, &), (% o .
, LN e o R N e o R

(Dy®)(%) =TT, () [V (%,&) @, (% P My, (&) [V (%, &), (&) o

For a solution of this system of equations it is necessary to calculate columns (D,,®),(x) and
(Dy @) (x) every 8x1-dimensional, and also matricesII (x),I1(x),I[1; (k) and Il (x) every
8x 8 -dimensional. After enough difficult calculations we obtain the following expressions:

(D, ®),(%) :(M —Q%)CDI(E)—Q%CDS(K) :
¢ - (126)
(DMCD)S(E)=—QKCD1(E)+(M +ijq>8(;z) :
C =(6,-k)(G, k)5, k),
I, (%) = M (&) = TI(§) = 4@122603 = ]/4N1 & I1,,(%) = I, (&) = 0, o

Q=w +o,+aw,

1
B= E(a)l + ml)(a)z + mz)(a)3 + m3)(l - 815283)'

Other terms entering in expressions (126), (127) are already determined above. Taking into account
these definitions and formula (84) it is possible to check the correctness of the following auxiliary
relations:

B=AM &), D=taf8 g 4668 e po_priér (128)
A l-¢ges,6 (1+¢¢,8)
Now we will substitute expressions (126) and (127) in the system of equations (125):
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2r)"

Co, (&) - [M+Q )@(K)IHKHV(*”N>()526.

( j@( )= C0,(8) =TI [V (7,20, (% )5
(129)

Qs

A

In the case of free movement V (&, &) =0 for existence of solutions it is necessary that the
determinant of system equaled to zero:

M-l _£¢
A
=0, (130)
Q B
-——C M+Q—
A A
or, as well as has to be
M=+Q . (131)

Returning expression (131) into the system of the equations withV (£,")=0, we obtain 8-
component spinors of free movement:

A

qﬁi>::i-—fi—-¢§i%
ATS (132)

q)(i) —+ C (D(i)

T AxB 7

where according to definitions (93), (127) and (83):
AL B=(o tm)(®, £m,)(w,£m,). (133)

On the left side of relations (132) signs () designate "big" and "small” components (see below),
respectively. On the right side we have the opposite picture — signs (£ ) designate "small" and "big"
components. Signs =+ before fractions on the right side correspond to solutions M =1Q).
Substituting expressions from (127) in relations (132) we obtain:

(134)

These 8x1 dimensional columns (or spinors) we will express through a direct product of three
2 x1dimensional columns:

B (135)

{(I)(+) (I)(+) q)(+) (I)(+)
1

(€3 NE3) () ()
q)g _(DSI '(Dgz 'q)ss'

From comparisons of the right sides of (134) and (135) the simple relations follow:
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o =0 K,

@, + M

. (136)
O =2 121,23

@ +m

o)
o=| ], (137)

with @, and @, two spinor every 8x1 dimensions and spinors of dimension 4x1:

(Dli

q)li -
®[I] = ®2i = o-i
a)i

e (138)
+m,

li

O

where @, — usual spin function, 1 =1,2,3 and we consider a case with M =+Q . As well as has to

be, the relativity is presented both by spin and energy degrees of freedom.

Let's consider now the nonrelativistic limit of the Salpeter equation with an oscillatory
potential. From expression (121) it is possible to make the following estimates of order of
magnitudes:

~E, #?~ E. (139)

From here two mutually agreed ratios follow

F/MZO 1, EOD M,. (140)
Let's make assumptions:
M=E+M, [E-[V [0 M,. (141)

Equations (129) we will write down in another (symbolical) form:

A

(M —QE—va jqbleE@S,
A A
) (142)
(M +QE+va ]dbg _ofo.
A A
Relations (141) we will substitute into equations (142) and pass to the limit&*/M? — 0:
C B
Ed, =QK®8—[MO—QK—H.[V jcp1 , (143)
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O, ~ ! QECD1 , (144)
2M, A
The spinor @, from (144) we insert in equation (143) and use relations
¢ 4 1 ’
__:—E&ETz—W@@~ﬂ£}zm
A (I+gs8) 2 M, (145)
~2
=1, Q=M,+ K
2M,

and expression (121) for oscillatory potential. As a result we obtain the nonrelativistic equation for
a 6-oscillator (see (A29)):

MO i -
- A —(E-V,)tdi(K)=0. 146
{ 2 K+2M0 ( 0) 1( ) ( )

It 1s obvious from (144) that the order of magnitude of the "small" component @, is (K‘/ M,)’ in
comparison with the "big" component @, . It is also visible from relations (93) and (141) that in the

nonrelativistic limit /M =0
N & ->1/1", MM, (147)

and normalizing condition (92) assumes the following form:

|1/4;|\/| J.(zdf)é |(I)1(’_(’)|2 =1, (148)
or
nggﬂéxfﬁ=ﬂ, D) (%) = @,(&)//1"2M, . (149)

As it was stated above, at construction of functions [y/”L (If)}k we use expansion on functions
L

‘P'ﬁ,'K"LML (k) (see.(A30)), which are the same solutions @,(x°) of the nonrelativistic equation (146).

In the conclusion it should be noted that reduction of the solution of Salpeter equation for three-
particle bound systems to determination of two 8-component spinors without additional
"relativization" of wave function, effective use of three-particle interaction (in a condition of quarks
confinement) and a powerful method of expansions on hyperspherical harmonics (the most suitable
for the description of the bound systems), allows us hope to simplify calculations of the main
features of baryons considerably.

The authors are grateful to N. Shubitidze for useful consultations.

Appendix A
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The Jacobi coordinates

The 4-dimensional coordinates of particles with massesm,,m, and m, is symbolized by X,
X, and X, , and 4-momenta of the same particles is symbolized by K, k, and K, . The 4-dimensional

Jacobi coordinates are defined as follows:
In X -representation:

x1:X+\/ £ 77+\/ e
X = 1 X, + (X, + 11X, (i + 1) Mty
n= |- (x - x,). x2=X—J - 77+\/ )
Mty 1o (i + 1) Tty
X, + 1, X +
52_\/ﬂ3(ﬂ1+ﬂ2)(X3_M]- X; = X_’/Mé'
Hy+ s

In x -representation:

K=k +k, +k,, Hat by VAT
q= (/ul + :Uz)/ :uzkl — lulkz , k2 = quK Ve q+ 4, £ P, (A2)
y7y7A JTAR YA T, oy 4y

p:[/v‘3(k1+k2)_(ﬂ1+/v‘2)k3]. Ky = 1K =/ 15(14, + 11,) p.
\/ﬂ3(/v‘1 +1,)
The Jacobian of transformation from Cartesian 4-momentak,, k,, Kk, to Jacobi 4-momenta K, (,
p is equal:
a(X > Xy, X )| 1 2
| =[20 X0 =1/t s)” . (A3)
| a(X7.8) | [0k, kyky) o
a(K,q,p)
Everywhere we have:
w=m/M,,  My=m+m,+m,. (A4)

For convenience we will unite Jacobi's corresponding 3-dimensional vectors in one 6-dimensional
vector

p=@i,E), £=(1.p) (AS5)

p=NT+&,  k=yq’+p’. (A6)

As a result we will obtain compact entries in p - and x -representations. The completeness conditi-

with radiuses

ons:

A = IR
flaldp(al=1 I8 5 (-1, (a7

where
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dp=di-dé, dik=dg-dp (A8)

are the elements of 6-volumes in coordinate and momentum spaces. The plane wave:
(p|&)=(%|p) =e™. (A9)

The orthogonality (6-dimensional ¢ -function):

o\ [ ooiepop _dK —S(A — 5
(p'|p)=]e Gy =P P A1)
(#'|&) = j e P45 =27)° (B - B) .

The Hyperspherical Harmonics

Here all formulas are presented in & -representation.

q X z
Formulas in p -representation are the same. Let's choose v 4 y
angular variables Q. =(a, Q, Q) according to "tree" in a p
Fig. 1 [19, 20]. Hyperspherical harmonics (HH) are defined as !
follows: o,

R (@) =N eosen) e R P eos2en -
' qumq (Qq )Ylpmp (Q F)) ’

) a
sm\ / cos

where P> (c0s2a) is Jacobi polynomial, Yim, ()

Fig. 1
and YIpmp (€,) are usual 3-dimensional spherical harmonics,
2.-n1(K+2)(n+1,+1, +1)!
N:(qIp _ ( )( q p ) (A12)
C(n+1,+3/2)I(n+1,+3/2)
—normalizing coefficient,
n=(K-I1,-1,)/2 (A13)

—an integer and therefore the 6-dimensional orbital moment K and the sum of the usual 3-dimensio-
nal orbital moments |, +1, have identical parity. Parity of HH (A11) is equal to ()< = (—)'“I+Ip and

satisfies to the equation:

K2g2™™ () = K(K +4)ge"™™ (Q,) (A14)
where
. 2 |2 |2
=9 5 —4Cthai+ Ty —= (A15)
o oa cos“a sin“«a

is square of 6-dimensional orbital momentum K or an angular part of 6-dimensional Laplacian:
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A= = - (A16)
HH are orthonormal functions:

[ (¢E,'b"‘ém%(g,;))*¢b'p"‘qmp(g,?)dg = SOy, Ory. Orin O, (A17)

Here
dQ, = cos’ asin’ adadQ,dQ; (A18)

— angular element of 6-volume in momentum space , I dQ. =7’. As usual, construction of HH

' htM. (Q.)with the fixed orbital moment L we fulfill by means of Klebsh-Gordon coefficients:

ap-q

Q) = Y (Il,mgm, [ LM g™ () (A19)

MgMp

For a 6-dimensional plane wave (A9) the following expansion on the HH takes place:

K _ (2”) Z (+I)K JK+2(KP)( }I(llzmlmz (Q-))* ¢}I<1|2m]m2 (Qp) ) (A20)

Klml,m, ( ) "

A 6-dimensional delta function can be presented in a form:

sk &)= T 5 (g ()Y gl @), (A21)

K KIm;l,m,
Nonrelativistic 6-oscillator in «-representation

The Schrodinger equation

(H, - B)[¥)=-V|¥) (A22)

in K -representation assumes the following form:

J R o (1)~ EGR[) = [ (Y [7) S

| (K'|¥). (A23)

The Matrix elements entering into this equation in p -representation have a form:

(B|H,| ) =85 - p)[-A1 2M,)]. (A24)

(BIV|5) =65 -p [V +MQip* /2] (A25)
Using a universal relation

(£l0|#) = [(£]5)d5(3[0| 55 (51" (426)
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and equalities (A9) and (A10), in x -representation we will obtain matrix elements:

(K|Ho| &) =@2n)°5(k - K" 2’; (A27)

0

(&V|&) =V (& &)=2x)° {5(12 — &M —M Q [Ag,a(;z - ;z')} / 2} . (A28)

Now substituting matrix elements (A27) and (A28) in the equation (A23) we come to known oscil-
latory equation:

MQO 42 _ _ — _
{ > A+ M (E vo)}<l(‘|‘l’>—0. (A29)

The solution of this equation is the following expression:

PR () = rya s g ),

5/2

2I(N +1) a2y K52 K2
X) = Ly (x A30
Ik (X) \/aF(N+K+3) (), (A30)
a=1/yMQ, .

L (x*) is Laguerre polynomial, N is a positive integer, the energy eigenvalue is equal:
Ew =V +Q,2N +K+3). (A31)

Oscillatory basis functions ‘PL“,'K"LML () represent the total set of orthonormal functions. Introducing

designation v :,‘\‘“2 Mo for a set of oscillatory quantum numbers one can write a completeness condi-
tion:

D {K|v)(v|&) = 2n)° S(k - K . (A32)
This condition together with equation (A29) and with energy expression (A31) allows to calculate
expression A’_C.,é (kK —K") entering into matrix element (A28). As a result this matrix element takes

the following simple form:

(RIV[&) = @r) ok -k M, =&/ 2My) |+ 2 Q2N + K+ 3) (v |&') (k| v) . (A33)

The set v defines values of quantum numbers N and K.

Appendix B

Quark structure of baryon states

Hypercharge, .
Multiplet Particle Isospin and its Quark Quark Symmetrization
. structure 1 | structure 2 operator
projection
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Y T T,
AT 1 32 | 32 uuu
A" 1 32 | 172 uud
A 1 |32 ]-12 udd
A 1| 32 |-32 ddd
10 > 0 1 1 uus o
0 0 1 0 uds
o+ 0 1 -1 dds
=0 1121 uss
= -1 =12 -12 dss
Q -2 0 0 SSS
p 1 172 | 12 uud udu
n 1 172 | -1/2 udd udd
>t 0 1 1 uus usu
g 30 0 1 0 uds usd + dsu o
° 3 0 1| - dds dsd (21
A° 0 0 0 usd — dsu uds
=0 -1 172 | 12 uss uss
=" -1 12 | -1/2 dss dss
p 1 172 | 12 uud udu
n 1 12 | -1/2 udd udd
>t 0 1 1 uus usu
g 30 0 1 0 uds usd + dsu o
A > 0 1| -1 dds dsd (i2)
A° 0 0 0 usd —dsu uds
=0 -1 172 | 12 uss uss
=" -1 172 | -1/2 dss dss
1, A 0 0 0 uds Pl
Young symmetrization operators:
o' =(1+P,+P)(1+P,)/6 =2+ P,+P;)1-PR,)/6

off! =(2 P, -Py)(1+ %)/6} o = (P, —P)(1-R,) /12 }
wgl] = (P23 - P13)(1 + Plz)/\/E a’%l] =2+ P23 + P13)(1_ Plz)/6

Action of Young operators with the first lower indices 1 and 2 give the functions of multiplets 84
and &, , respectively. The second lower indices specify the number of structure on which Young

operator acts. It is easy to check that basis functions of irreducible representations of this SU(3)
group don't depend on a choice of the second lower index. The obtained function can be characteri-
zed with a quantum numbers set (Y,T,T,) and also(T,,,T,T,). Examples of construction of

normalized state vector for a proton p from a multiplets 8 :
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OGN 2172 =T = 1,1/2,1/2) = (2]uud ) |udu) | duu)) / V6
ol |udu) T 2T

and 8, :

@7 uud) ~ L B _

£ ) S|Y =1,1/2,1/2) =[T,, =0,1/2,1/2) = (|udu) —|duu)) /~2

Construction of any other functions is quite simple.
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