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Abstract. Two-electron emission from an atom is considered. Based on the Hulth´en-
Kohn dynamical variational principle the effective charge seen by the ejected electrons 
are determined for a certain type of trial wave functions. Validity of the elaborated 
approach is assessed by calculating fully differential cross section (FDCS) for 
electron-impact double ionization of helium. The relatively small momentum transfer (q 
= 0.5 a.u.) at 2 keV impact energy and equal energy sharing between ejected electrons 
(5eV, 10eV, 20eV) provides reasonable kinematical conditions for application of the 
First Born Approximation (FBA). The calculated five fold differential cross section 
(FDCS) is in reasonable agreement with the corresponding experimental observations. 
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Introduction  
 
The study of the single and double ionization processes of atoms and molecules by collisions 
with electrons or positrons is of great interest in astrophysics, plasma physics and radiation 
physics and also in other sciences such as life science. Such processes are fundamental to the 
understanding of the mechanism of multiple ionizations and of the role of electron correlation. 
The double ionization of helium is the most interesting case for the theory because in addition to 
the projectile only two electrons interact with the nucleus. In order to explore the details of the 
reaction mechanisms the most suitable experiments are those which detect in coincidence all 
three electrons present in the final state. These so-called (e, 3e) experiments are very difficult to 
perform due to the low count rates involved but are now possible due to the progress in the 
techniques of multi-particle detection [1-10]. 

The main difficulty which arises in the theoretical study of single and multiple ionization 
of atoms by electron impact is related to the solution of the many-body problem. Several 
sophisticated methods such as exterior complex scaling [11], time dependant close coupling [12], 
convergent close coupling [13], R-Matrix theory [14] and the 3C model [15] have been 
elaborated. These theories were mostly successful in predicting cross sections for the ionization 
of hydrogen or helium but encounter some problems describing double ionization of helium 
[16,17]. Recently in [18] it was shown that the second Born approximation was needed for 
describing the experimental observations on double ionization of helium by 600-700 eV electron 
impact. This has been proved further in [19] showing that at the intermediate energy (640 eV) 
the second Born approximation works quite well for the double ionization of helium by using the 
closure approximation with particular values of the average excitation energy w¯. The big shift 
of the binary peak found experimentally in [18] is well reproduced showing that the TS2 
mechanism is very important in this case. A comprehensive review of double ionization 
processes is given in [20].  

The most frequently the used methods consider the electrons that are involved in the 
ionization process as independent particles. The total wavefunction is represented as an 
antisymmetrized product of one-electron wavefunctions.  The elaborated approaches can be 
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derived into two main groups which are briefly presented hereafter. In the first one, the electron 
or electrons ejected from a target are described by the Coulomb continuum wavefunctions with 
the charge unity for single ionization, and with the charge of a residual ion for multiple 
ionization. In the second one, each of the active electrons is considered as a particle moving in 
the effective Coulomb field created by the nucleus of a target together with the other electrons 
involved in the ionization process. This Coulomb potential is described by an effective nuclear 
charge experienced by the ejected electrons. So in the first group the screening effects are 
perfectly ignored while in the second one these effects are taken into account.      

Different methods have been employed to estimate the variable charges characterizing 
the effective Coulomb field. For double ionization a simple empirical method has been suggested 
in [21] and the effective charges experienced by the two outgoing electrons have been estimated. 
In [22] the total potential is represented in terms of two-body interactions and then the 
asymptotic relation between momentum and position vectors of the outgoing electrons is used. 
This approach has been employed in [23] with a modified derivation of the effective charges 
which are chosen to satisfy the physical situations in certain limiting configuration of the 
outgoing electrons and to interpolate them smoothly.  

Perhaps the most well-known variational approximation in quantum mechanics is the 
Ritz method to obtain approximate energy levels of bound quantum systems [24]. Utilization of 
the variational principle for continuum spectrum problems has been done later. For the simplest 
one dimensional problem relevant to the continuum spectrum the variation method initially was 
formulated by Hulthen [25]. Independently, Tamm [26,27] formulated the variation method in a 
form close to Hulthen’s result. In the same period Kohn [28,29] enlarged the method for the 
generalized scattering problems. The first works where a dynamical variation method has been 
proposed for studying the electron-hydrogen atom collision reaction belong to Su-Shu-Huang 
[30-32]. Later, Massey and Moiseiwitsch [33] significantly improved the results of Su-Shu-
Huang. They treated the inelastic processes in electron hydrogen atomic [34] and electron helium 
atomic collision reactions [35]. The results achieved during the further years have been collected 
and discussed in a well known monograph of Mott and Massey [36].  

The aim of this study is to show how it is possible by use of the Hulthen-Kohn variational 
method for calculating the scattering amplitude [37-39] to introduce the effective charges seen 
by the ejected electrons in electron-impact double ionization of helium and using these effective 
charges to calculate the corresponding FCDSs. We treat each of the ejected electrons as a 
particle moving in an effective field created by the nucleus of the target together with another 
ejected electron. The novelty of such a treatment is that the effective charges seen by the ejected 
electrons are determined by the Hulthen-Kohn dynamical variational principle. Recently the 
same method was successfully applied for electron-impact single ionization of hydrogen [40]. 
Unless otherwise indicated, atomic units are used throughout the paper. 
 
Theory 
 
The total Hamiltonian of the electron-helium atom system can be represented as 

                 
0 1 2

1ˆ ˆ ˆ( , )
2

H H r r V= − ∆ + +
  ,                                                               (1) 

where the kinetic energy operator of the incident electron is 2∆ , 
0Ĥ is a Hamiltonian describing 

helium atom before and after ionization and 1 2
ˆ / 1 / 1 /V Z r r r r r= − + − + −

   
 represents the 

interaction between the incident electron and helium. r  and 
1 2,r r   are the position vectors for the 

incident and the two target electrons respectively. Z is the charge of the alpha particle. 
As for discrete energy levels, the dynamical variational principle is based on the variation 

of a functional. For wave vectors 
0 , sk k
 

and ,a bk k
 

 corresponding to the incident, scattered and two 
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ejected electrons, respectively, the functional describing the double ionization process is given 
by [29–31] 

( )( ) ( )1 2 0 1 2 1 2
ˆ, , , , , ,f s iL n r r r H E n r r r drdr dr= Ψ − − Ψ∫∫∫

                                       (2) 

Here 
fΨ and iΨ  are the wave functions of the colliding system in the initial and final states, 

respectively, E is the total energy and 0 , sn n 
are the unit vectors directed along wave vectors 

0k


 
and 

sk


. Wavefunctions 
fΨ and iΨ  are  the exact eigenfunctions of Hamiltonian (1). 

When 1r


 tends toward infinity, 
fΨ and iΨ  have the proper asymptotic form 

corresponding to the process under consideration [38] 

( )
( ) ( ) ( ) ( ) ( )

0

1 2 0 1 2 0 1 23 2 , , , , , ,
2

jik rik r ik r

i i ij j i
j

e e er r F n n r r F n n r r d
r r

ε

ε ε ε
π

 
Ψ ≈ Φ + Φ + Φ 

  
∑ ∫

 

               (3a) 

( )
( ) ( ) ( ) ( ) ( )* *

1 2 1 2 1 23 2 , , , , , .
2

js ik rik r ik r

f f fj s j f s
j

e e er r F n n r r F n n r r d
r r

ε

ε ε ε
π

−  
Ψ ≈ Φ + − Φ + − Φ 

  
∑ ∫

 

          (3b) 

In (3) 
1 2( , )j r rΦ
  and 

1 2( , )s r rΦ
   represent the wave functions to the discrete and to the continuum 

spectrum of Hamiltonian 0Ĥ . Equation (3a) shows that 
iΨ  is the sum of the plane wave 

propagating in the in  direction and of the outgoing spherical waves whose amplitude in the n -

direction are ( )0 ,ijF n n  and ( )0 ,iF n nε
  . Similarly, equation (3b) shows that 

fΨ  is the sum of the 

plane wave propagating in the sn−  -direction and of the outgoing spherical waves with 

amplitudes ( ),fj sF n n−
  and ( ),f sF n nε −

  . In asymptotic representation (3) the possibility of 
exchange between the scattered and ejected electrons is neglected. Inclusion of the exchange 
effects into the calculating scheme requires consideration of the additional asymptotic forms 
with the exchange amplitudes [37]. 

The integral in (2) has to be convergent. When the wave functions vary in (2), the 
convergence of the integral can be achieved if wave vector 

0k
 changes simultaneously when 

changing ( )1 2,i r rΦ
  , so that condition 

( ) ( )
2
0

1 2 0 1 2 1 2
ˆ, ,

2i i
kr r H r r dr dr EΦ Φ + =∫∫

                                                   (4)  

will be fulfilled [35]. In that case, the divergent terms will vanish in the integrand in (2).  
Let us now consider variation of functional (2) conditioned by such variations of wave 

functions 
fΨ and iΨ  that maintain unchanged the asymptotic form of the wave functions and 

change the amplitudes. Taking into account that 
fΨ and 

iΨ are the exact eigenfunctions of  Ĥ  
we obtain 

( ) ( ) ( )0 1 2
1,
2s f i i fL n n dr dr drδ δ δ − = − Ψ ∆ Ψ − Ψ ∆ Ψ ∫∫∫

                     (5) 

The integral in the right side of equation (5), containing Laplacians can be transformed into a 
surface integral by Green’s theorem. Consequently, 

( ) ( ) ( )0 1 2
1,
2s f i i f

S

L n n dSdr dr
r r

δ δ δ∂ ∂ − = − Ψ Ψ − Ψ Ψ ∂ ∂ ∫ ∫∫
                    (6) 
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In (6), the integration is carried out over the surface S of a sphere the center of which is located 
at the origin of coordinates and the radius of which r is so large that wave functions 

fΨ and 

iΨ get their asymptotic form on the surface of the sphere. 
Substituting asymptotic wave functions (3) into (6) and calculating the corresponding 

integrals as it is done in [37,39] we come to the following condition 

( ) ( ) ( ) ( )0 0 0 02

1, , , , .
4s if s fi s if sL n n F n n F n n F n nδ δ
π

 − = − − − + 
                   (7) 

According to the reciprocity property of the amplitude [37], the first and second terms are equal 
in the right hand side of equation (7). Taking this into account we obtain that the variation of 
functional ( )0 , sL n nδ −

   is proportional to the variation of the amplitude: 

( ) ( ) ( )1 2
0 0, 2 ,s if sL n n F n nδ π δ−− =
    . The latter equation can be rewritten as 

( )0 , 0sL n nδ − =
                                                           (8a) 

where 
( ) ( ) ( )2

0 0 0, , 4 , .s if s sL n n F n n L n nπ− = − −
                                      (8b) 

It follows from (8a) that ( )0 , sL n n−   is stationary with respect to small variations of wave 

functions 
fΨ and iΨ  in the neighborhood of correct ones. Therefore, functional ( )0 , sL n n− 

can 

be expected to be relatively insensitive to the precise shape of the wave functions, and the use of 
reasonable trial functions ( )

i

tΨ  and ( )
f

tΨ  leads to a good approximation for ( )0 , sL n n−   

( ) ( ) ( ) ( )( )( ) 2 ( )
0 0 0 0, , , 4 , .tt t

s s if s sL n n L n n F n n L n nπ− ≈ − = − −
                        (9) 

The amplitude is determined to be equal to functional ( )0 , sL n n−   [35–37]. In that case we have 

( ) ( ) ( )( ) ( )( ) 2 ( ) ( )
0 0 1 2 0 1 2 1 2

ˆ, , 4 , , , , , , .t t t
if s if s f s iF n n F n n n r r r H E n r r r drdr drπ= − − Ψ − − Ψ∫∫∫
                 (10) 

 
The cross section and the trial functions 
 

In the present work, we treat the double ionization within the FBA by using a 2CWG 
model [41-42]. In this model, the two ejected electrons are described in terms of Coulomb waves 
together with a Gamow factor to take into account the repulsion between them whereas plane 
waves are used for treating the incident and the scattered electrons. It was then shown that 
introducing the Gamow factor into the cross section calculations allowed reproducing the 
dominant angular behavior of the differential cross sections [43]. Among the Shake-off (SO), 
Two step1 (TS1) and Two step2  (TS2) double ionization mechanisms the (SO) mechanism 
which consists in a single ionization of one of the target electrons - the other one being simply 
ejected due to the relaxation is considered only. 

The FDCS for double ionization of helium by electron impact is given by 
5 2(5) d

d d d d d
s a b

if
a b s a b i

k k k f
E E k

σσ = =
Ω Ω Ω

 

where d d da b sΩ Ω Ω denote, respectively, the elements of solid angles for the scattered and the 
ejected electrons a and b whereas the energy intervals of the ejected electrons are represented by 
d aE  and d bE . iff  is the transition amplitude and in general is determined by (10). 

According to the above mentioned description of the scattered and ejected electrons the 
initial state trial function can be represented as ( ) ( )0 3 2( ) ( )

1 22 ,ik rt t
i ie r rπΨ = Φ

    . Here ( )( )
1 2,t

i r rΦ
   
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is the wavefunction for the initially bounded helium atom and is represented by a Hylleraas-type 
accurate wavefunction [44]  

( ) ( )[ ]1 2 2 1( )
1 2 12, 1r r r rt

i ir r C e e rα β α β γ− − − −Φ = + +
                                  (11) 

Ci being the normalization factor and r12 the electron-electron distance, 2.2077,α = 1.4368β = , 
0.2934γ = . The energy of the initial state given by this function is 2.901419a.u.E = −  This 

energy is 99,94% of the energy given by more sophisticated correlated wavefunction (see the 
14th row of the table I in [45]) which is used in a recent treatment of double ionization of helium 
by electron and positron impact [19]. Therefore, wavefunction (11) on one hand reasonably 
treats the radial as well as the angular correlations between target electrons and on the other hand 
significantly facilitates the calculation of the matrix element. We also use a wavefunction which 
only includes the radial correlation (the wavefunction (11) with 2.1832,α = 1.1885β =  
and 0γ = ). The energy of the initial state given by this wavefunction is 2.875661a.u.E = −  

As final state trial function one can choose ( ) ( )3 2( ) ( )
1 22 ,sik rt t

f fe r rπ ⊥Ψ = Φ
     where the 

approximate BBK wavefunction [46] in its general orthogonalized form with respect to initial 
state trial wavefunction ( )( )

1 2,t
i r rΦ

   is such that 

( ) ( ) ( )( ) ( ) ( ) ( ) ( )
1 2 1 2 1 2, , ,t t t t t

f f f i ir r r r r r⊥Φ = Φ − Φ Φ Φ
      ,                         (12) 

( ) ( ) ( ) ( ) ( ) ( )( )
1 2 1 2 1 2

1, , , , ,
2

t
f c a c b c b c a a br r k r k r k r k r k kϕ− − − − Φ = Ψ Ψ +Ψ Ψ − 

           ,      (13) 

and repulsive Gamov factor   

   ( ) ( )2 1a bk k
a b a bk k e i k kπϕ − −
− = Γ − −

    
.                                   (14) 

( ),c ek r−Ψ
  is the hydrogen-like exact wavefunction for the continuum state 

( )
( )

( ) ( ) ( ) ( )( )1 13 2
1, exp 1 exp 2 ,1,

2
c i i i i i i ik r ik r i F i i k r k rµ µ µ µ µ µ µη πη η

π
−Ψ = Γ − − − +
      , (15) 

normalized to the three dimensional delta function in momentum space with  i iZ kµ µη =   

, 1,2a b iµ = = . iZ  are the effective charges seen by the ejected electrons. 

Substituting the trial wave functions ( )t
iΨ and ( )t

fΨ determined by use of (11) and (12) 
into (10) and taking into account equation (4), we obtain for the transition amplitude 

    
( ) ( ) ( ) ( )

( ) ( )

2 ( )
0 1 1 2 1

( )
2 1 2

, 2 , exp

exp ,

t
if s B f

t
i

F n n f r r iqr

iqr r r

π ⊥≡ = − Φ +

+ Φ

    

  
                         (16) 

This is just the FBA for double ionization of helium by electron impact. 
 
 
Equation for the effective charges 
 
The effective charges seen by the ejected electrons can be determined from the stationary 
property of the amplitude. Considering iZ  as variational parameters, the stationary condition (8a) 
yields equation ( )0 , 0 1,2if s idF n n dZ i= =

   (i = 1, 2) to find the effective charges. Thus in 

our treatment we assume that the bound electrons experience the charges determined according 
to the equation (11), whereas the ejected electrons see the effective charges determined from the 
stationary property (8a).    
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The transition amplitude defined by equation (16) is a complex quantity. Therefore, condition 
( )0 , 0if s idF n n dZ =
   gives four equations for two iZ . Generally speaking, four equations 

cannot be satisfied by only two variables. This disadvantage can be removed by (i) stipulating 
that 0,( )if sF n n 

 as well as its complex conjugate value *
0,( )if sF n n 

 are not equal to zero and by 

(ii) taking the sum of two terms, where one is ( )0 , 0if s idF n n dZ =
  multiplied by 

*
0,( )if sF n n 

and another is ( )*
0 , 0if s idF n n dZ =
   multiplied by 0,( )if sF n n 

. In this way, we 

obtain two equations for one unknown effective charge iZ  

( ) 2

0 ,
0if s

i

d F n n
dZ

=
 

                                                 (17) 

Equation (17) contains the kinematical variables. Hence, this equation determines the 
momentum-dependent, dynamically-screened effective charges which are experienced by the 
two ejected electrons. 
 
Results and discussion 
 
We focus on a scattering geometry with highly asymmetric energy sharing between the scattered 
and two ejected electrons. In this case the possibility of exchange between the scattered and two 
ejected electrons can be neglected.  

Figure 1 shows FDCS for a projectile electron energy 2 keV and equal energy sharing 
between ejected electrons 5 ,10 ,20a bE E eV eV eV= = [5]. The momentum transfer is 0.5auq = . 
This momentum transfer _ belongs to the so-called intermediate regime between the dipole 
regime for 1q <<  and impulsive regime for 1q >> . The momentum vectors of the ionized 
electrons are lying in the plane defined by incoming and outgoing projectile momenta, so-called 
coplanar scattering geometry.  

As both ejected electrons have the same energy, _ symmetry with respect to exchange σ(5) 
(θ1, θ2) = σ(5)(θ2, θ1) is present and the diagonal line θ1 = θ2 is, in all cases, a line of reflection 
symmetry of the cross section. We also observe that the regions on the plots which correspond to 
nearly parallel ejection of the two electrons give very small FDCS values, which is physically 
reasonable because of Coulomb repulsion. This is ensured by the presence of the Gamow factor 
(14). The orthogonality of the final state function is conserved due to equation (12) but the norm 
is destroyed because of the presence of the Gamow factor, and thus the results cannot be 
considered as absolute. In the same time also the experimental data are not on an absolute scale. 
Therefore, the comparison between experiment and theory can only concern the structure of the 
cross section pattern. We observe that all theoretical curves reveal the symmetry around the 
momentum transfer direction (for the sake of clarity see perpendicular lines in lower left panel of 
the figure 1. The pink dot in the color electronic version corresponds to the momentum transfer 
direction) which is the well known feature of the first Born theory. The well pronounced two 
peak structure of the FDCS along with all kinematical conditions is well explained in the dipole 
regime by the binary and recoil maxima [10].  



GESJ: Physics 2015 | No.1(13) 
ISSN 1512-1461 

 

32 
 

 
Figure 1: Contour plot for FDCS for projectile electron energy 2 keV and equal energy sharing 
between ejected electrons. The momentum transfer 0.5auq = .  First column 5a bE E eV= = , 
second column 10a bE E eV= =  third column 20a bE E eV= = . Upper panel’s row represents 
the experiment from [5]. Here due to the detector deadtime only the angular ranges inside the 
solid circular lines have full detection efficiency. Lower panel’s row represents the present 
results. Pink dot corresponds to momentum transfer direction. Mutually perpendicular lines are 
the symmetry lines of FBA. 

 
In figure 2 we present the calculation with fixed nuclear charge Z=2 seen by the ejected electrons. 
Upper panels correspond to the case when γ=0 in formula (11) meaning that only radial 
correlation between target electrons are kept in the initial state wavefunction. Lower panels show 
the results when γ≠0 and thus radial as well as the angular correlations between target electrons 
are taken into account in the initial wavefunction. The final double continuum state 
wavefunction remains the same as in the previous case. As it is clear from figure 2 the main 
characteristic features of the FDCS are kept. But if we look at the ratio of binary and recoil peaks 
heights we see that in the cases 10 ,20a bE E eV eV= =  this ratio reveals better agreement with the 
experimental observation when angular correlation between target electrons are taken into 
account (second and third lower panels in figure 2) rather than in case of only radial correlation 
(second and third upper panels in figure 2). In case of 5a bE E eV= =  the situation is just an 
opposite.  The calculation of the FDCS with the effective charges seen by the ejected electrons 
described above improves the ratio_ of the binary and recoil peaks heights towards the 
experimental observation for 5a bE E eV= =  ejected electrons energies, but underestimates this 
ratio for 10 ,20a bE E eV eV= =  energies (see the lower row in figure 1). It has  
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Without angular correlation 

 
With angular correlation 

 
 
Figure 2: The kinematical conditions and panel’s distributions are the same as in figure1.  Upper 
panel’s row represents the results obtained by use of γ=0 in formula (11). Lower panel’s row represents 
the calculation with formula (11). 

 
 
to be also mentioned that at 20a bE E eV= =  the calculation show relatively small back-to back 

emission pick ( 45 , 225a bθ θ≈ ≈  in the lower right panel of figure 1) which is not case for the 
calculation with fixed Z=2 nuclear charge and is in a good accordance with the experimental 
observation.  

Of course there is still significant difference between experiment and theory. We attribute 
this disagreement to (i) incomplete description of the double ionization process even in this 
highly asymmetric energy sharing in the framework of the FBA. This is clearly demonstrated by 
the systematic shifting away of the recoil pick from the Born symmetry line in the experimental 
observation. This shift is often interpreted as a non-first Born effect. ii) very important issue is 
the correct choice of the initial and final state wavefunctions. Our choice of the wave functions 
was dictated by the facilitation of the task of calculation of FDCS. This is necessary because the 
finding of the roots of equation (17) is very time consuming numerical procedure. It is obvious 
that there is only one possibility to calculate FDCS analytically when only radial correlation 
between target electrons are taken into account in the initial state and 2C wavefunction with or 
without Gamov factor represents the final double continuum state. But in this case the results 
obtained by the above described method are very poor: the two-peak structure of the FDCS is 
replaced by only one very pronounced peak which has no physical significance. This result once 
again confirms the experience that a balanced treatment of correlation is necessary in initial and 
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final states in order to achieve good results with approximate wavefunctions [23].   However, our 
interest here is the demonstration of the validity of the elaborated scheme of calculation of 
effective charges for double ionization processes. We clearly understand that facilitation of the 
trial wavefunctions can cause the loss of important physical effects. At this stage we only 
pretend that at least qualitative agreement with the experiment can be achieved by use of 
wavefunctions described above. But the advantage of the proposed method with respect to other 
methods is that the calculation scheme is based on rigorous mathematical method and can be 
considered as parameter-free method. 

Finally, it is worthwhile to list some advantages of dynamical variational method for 
treatment of the electron impact double ionization process: i) the effective charges are introduced 
naturally as a variational parameters.  ii) Determination of the effective charges is based on the 
exact quantum mechanical principle without any empirical assumptions. 

 
 
Conclusion  
 
In conclusion, a parameter-free method based on the application of the Hulth´en-Kohn 
variational principle for the transition amplitude has been developed and FDCSs have been 
calculated for electron-impact double ionization of the helium atom. The examination of the 
obtained results allows us to think, that the approach elaborated in the present work is easy for 
realization, it leads to the agreement with the experimental results and therefore, can be 
successfully used for the calculation of FDCS for electron-impact double ionization of multi-
electronic atoms. Note that the additional calculations which should be carried out in this case 
are related with the calculation of the overlap integrals between the initial and final state 
wavefunctions of the spectator electrons. 
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