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Abstract

Fuzzy graphs which have revolutionized the analysis of problematic data to arrive at a
better decision making power are of different kinds. Among them, the simplest and generalized
form is the interval-valued fuzzy graph. The main purpose of this paper is to introduce the notion of
an interval-valued p -morphism on interval-valued fuzzy graphs. The action of interval-valued p -

morphism on interval-valued strong regular graphs are studied and proved elegant theorems on
weak and co weak isomorphism. Also u -complement of highly irregular product interval-valued

fuzzy graphs, o -cut and strength cut graph of an interval-valued fuzzy graphs are discussed.

Keywords: Interval-valued p -morphism, u -complement of a product interval-valued fuzzy graph,
a -cut and strength cut graph of an interval-valued fuzzy graph.

1. Introduction

The moment science is involved in finding solutions to theoretical problems mathematical
dependency increases. It has been proved by researchers that frameworks of analysis developed
using mathematical models, especially those based on fuzzy logic were capable of handling
uncertain data sets. The new mathematical models have shown their superiority over the
conventional fuzzy logic based sets. Issues of doubt, data inconsistency and wrong or mismatched
data were effectively analyzed with the help of graph theory in the various domains like mechanical
engineering, electrical engineering, with special focus on machine systems. The self-learning
feature of these new mathematical models has given the possibility of scaling the size of the
operations to suit the requirement industrial requirement. In short, mathematical models based on
fuzzy graph theory have simplified the handling of problematic to arrive at rational conclusions.

The problem of Konigsberg bridge, in eighteenth century laid the foundation to graph theory,
where Euler strongly suggested that there is a solution using graph theory. In 1965, Zadeh [18-20]
developed a fuzzy set theory using the real numbers between 0 and 1. Akram and Dudek [1]
extended the fuzzy set theory to interval-valued fuzzy sets. Further Rashamanlou et al. [5-8] studied
degree of a vertex, regular, highly irregular, strong, complete, balanced, antipodal interval-valued
fuzzy graphs. Talebi and Rashamanlou [17] investigated homomorphism, isomorphism, weak, co
weak isomorphism, self complement of interval-valued fuzzy graphs. Samanta and pal [9-16]
studied strong edge, weak edge of an interval-valued fuzzy graph, degree of a vertex in bipolar
fuzzy graph, regular, irregular bipolar fuzzy graphs, bipolar fuzzy hyper graphs, fuzzy k-
competition, p-competition of fuzzy graphs, m-step fuzzy competition graphs, fuzzy planar graphs,
tolerance, threshold fuzzy graphs. Pramanik et al. [4] introduced interval valued fuzzy planar graphs.
In 2016 Narayanan and Maheswari [3] studied strongly edge irregular interval-valued fuzzy graphs.
Borzooei et al. [2] studied regularity of vague graphs.

2. Preliminaries
Some definitions and conventions used in this paper are discussed in this section. Literature review
is available in [1, 4, 5, 17].

Definition 2.1 A graph G = (V,E ) is an ordered pair consisting of a non-empty vertex set V, an

edge set £ and a connection that associates with every edge between two vertices (not as a matter of
course particular) called its end points.
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Definition 2.2 Let G=(V,E) be a graph. Then S=(N,L) is said to be a subgraph of G if
NcVand LcCE.

Definition 2.3 A fuzzy set A4 on a universal set X is characterized by function
m: X —[0,1], which is called the membership function. A fuzzy set is denoted by 4 = (X, m).

Definition 2.4 A fuzzy graph 6 = (V,o0, 1) 1s a non-empty set V' together with a pair of functions
o:V —[0,1] and p:V xV —[0,1] such that for all m,neV, u(mn)< min {c(m),c(n)}, where
o(m) and wu(mn) represent the membership values of the vertex m and of the edge mn in
o respectively. The underlying crisp graph of the fuzzy graph 6 =(V,o,u) is denoted as

8§ =,0 1), where o ={xeV/o(x)>0} and u ={xyeVxV/u(xy)>0}. Thus for
underlying fuzzy graph " =V

Definition 2.5 A fuzzy graph 6 =(V,o,u) is complete if u(xy)=min{o(x),o(y)} for all
x,y € V,where xy denotes the edge between the vertices x and y. The fuzzy graph o, = (V, o, ,ua)
is called a fuzzy subgraph of 6 =(V,o,u) if o,(m)<o(m) forall meV and p,(mn)< u(mn)

for all edges mn € E.
Definition 2.6 The interval-valued fuzzy set W in ¥ is defined by W:{(x,[y,;, (x), y;(x)]/ er})}.

where 1, (x), 1, (x)are fuzzy subsets of ¥ such that 4, (x) < g4, (x) forall xeV . If G = (V,E)
is a crisp graph, then by an interval -valued fuzzy relation F on a set £ we mean an interval-valued
fuzzy set such that 4 (xy) < min {yV"V (x), 14, (y)} , My (xy) < min {,u;, (x), 4 (y)} ,forall x, yeV.

Definition 2.7 The interval-valued fuzzy graph is a pair G = (W,F ) of a graph G" = (V,E ) , where
W = [ My ,u;,',} is an interval-valued fuzzy set on ¥ and F' = [ Hes ,u;] is an interval-valued fuzzy

relation on E such that s (xy)< min{,u;V (x), 1ty (y)}, 4 (xy) < min {,u;V (x), 4, (y)} for
allxye E.

The underlying crisp graph of an interval-valued graph G =(W,F)is the graph G" =(V,E) where
v ={(ow/ [t (). (w)] > [0.0] )| is called vertex set and
= {(wf AN ACAE [o,o]])} is called an edge set.
Definition 2.8 Let G =(W,F ) be an interval-valued fuzzy graph of G =(V,E).Then G =(W,F)
is said to be strong if x; (xy) = min {1, (x), 44, (¥)} 5 (x9) = min{ gz, (x), 1 (v)} . for all xy € E.
Definition 2.9 Let G =(W,F) be an interval-valued fuzzy graph of G' =(V,E ) Then G =(W,F)
(x)

is said to be complete if u, (xy)=m1n{,u;V (x),,u;y (y)} ,uF xy =minj } for all

x,yel.

Definition 2.10 The complement of an interval-valued fuzzy graph G=(W,F ) of a graph

G =(V,E) is an interval-valued fuzzy graph GZ[W’FJ where W =W = [,u (x), 4 (x )] and

Pl (9 ()] here

61




GESJ: Computer Science and Telecommunications 2016|No.4(50)
ISSN 1512-1232

e (o) =min (g (x), 4y ()} = (), s () =min{ g (x), 45 (v)} =i (xp)  for all

x,yel.
Definition 2.11 Let G, =(Wl, Fl) and G, =(W2, Fz) be two interval-valued fuzzy graphs on
G, = (Vl, El) and G, = (Vz, Ez) respectively, such that

A homomorphism p from G,to G,is a mapping p:V, =V, which satisfies the following conditions:
i, () < i, (p (). i, () <, (p (). Vuel,
Hy. (uv) < Hr, (p(u)p(v)),,u;1 (uv) < Hr, (p(u)p(v)), VuvekE,.

An isomorphism p from G, to G, is a bijective mapping p:V, =V, which satisfies the
following conditions:

w, ()= iy, (p ()., (u) = g5, (p(w)), Vue,
Hy. (uv)= Hr, (p(u)p(v)),,u;l (uv)= Hr, (p(u)p(v)), VYuvek,.

A weak isomorphism p from G, to G, is a bijective mapping p:V;, =V, which satisfies the

following conditions:
p is homomorphism, (u)= H,, (p(u)),,u;] (u)= M, (p(u)), Yuel,.

A co weak isomorphism p from G, to G, is a bijective mapping p:V, =V, which satisfies the

following conditions:

p is homomorphism, u; (uv)= . (p(u)p(v)),y;] (wv) =y, (p(u)p(v)), YuvekE,.

Definition 2.12 Let G=W,F) be an interval-valued fuzzy graph, where
W= [,uv},,,u;] and F = [,u;,u;] The degree of a vertex is defined as
d, = (dg (w),d; (w)) where, d;(w)=) u,(wx), wxeE, w#x is the negative degree of a
vertexwand dg (w) =Y u; (wx), wx e E, w= xis the positive degree of a vertex w.

Definition 2.13 The order of G is defined as0 (G ) = [Z ty (W), (W)] :

welV wel

Definition 2.14 The size of G is defined as S(G)=(SE,S5)= D e (0), > i (w) |-
X~y X%y

;c, yel x,yelV

3. Regularity on isomorphic interval-valued fuzzy graph
In this section, we introduced an interval-valued p -morphism on interval-valued fuzzy graphs and

regular interval-valued fuzzy graph, we proved some important theorems on weak and co weak
isomorphism.

Definition 3.1 Let G =(Wl, Fl) and G, =(W2, Fz) be two interval-valued fuzzy graphs on
G = (Vl, El) and G, = (Vz, Ez) respectively. A bijective function P:V, =V, is called interval-
valued morphism or interval-valued p -morphism if there exists two numbers /, >0and /, >0, such

that 4, (p(u))=lae, ()l (p ()=l (u), VueV,

62




GESJ: Computer Science and Telecommunications 2016|No.4(50)
ISSN 1512-1232

Hr, (p(u)p(v)) =Ly, (uv),,u;2 (p(u)p(v)) =luy (uv), YuveE, . In such a case, p will be called

a(/,,,)interval-valued p -morphism from Gto G,.If [, =1, =1, wecall p, an interval-valued p -

morphism.
Example 3.1 Consider an interval-valued fuzzy graph G, = (W,, F; ) shown in Figure 1(a). Then

W1={[0'2’0'3] /0.3,0.3] [0.2,0.3]}andFIZ{[O.Z,OJ] /0.2,0.25] [0.1,0.2]}.

J K JK KL  LJ

Again consider another interval-valued fuzzy graph G, =(W,,F,) shown in Figure 1(b). Then

Wz={[0'6’0'9],[0'9’0'9],[0'(;’?'9]}and FZZ{[O.4,O.6] [0.4,0.5] [0.2,0.4]}

J' K' JK' ' KL LJ
J |||I§j|l.3| [0.2.0.3] K ||IE;.II.3| J° ll.\lffz;.-"-ql [0.4.0.6] K" |::j;_u_u|
[0.1.,0.2] [0.2.0.25] [0.2,0.4] [0.4,0.5]
L ||:;.:2:.Iu.3| L" ||E.:£.u_u|
(@ G (b) G,

Figure 1: p -morphism between interval-valued fuzzy graphs G, and G,

Here, there is an interval-valued p -morphism such
thatp(J)=J\p(K)=K,p(L)=L"1,=3, 1,=2.

Definition 3.2 Let G = (W,F ) be a connected interval-valued fuzzy graph .Then G is said to be a

highly irregular interval-valued fuzzy graph if every vertex of G is adjacent to vertices with distinct
degrees.

Example 3.2 Consider an interval-valued fuzzy graph G = (W, F ) shown in Figure 2.

W - {[0.3,0.4] , [0.2,0.5] [0.5,0.5] [0.4,0. 7]}and

) ’

J K L M

’

. {[0.1,0.3] [0.1,0.2] [0.3,0.4] [0.2,0.3]}

JK KL LM MJ
J10.3, 0.4] [0.1, 0.3] K [0.2, 0.5]
[0.2, 0.3] 0.1, 0.2]
M [0.4, 0.7] (03, 0.4] L (0.5, 0.5]

Figure 2:A highly irregular interval-valued fuzzy graph
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Then d; (J)=(0.3,0.6),d,(K)=(0.2,0.5),d;(L)=(0.4,0.6),d; (M)=(0.50.7).

We see that every vertex of G is adjacent to vertices with distinct degrees. Hence
G= (W, F ) is highly irregular interval-valued fuzzy graph.
Theorem 3.1 The relation p -morphism is an equivalence relation in the collection of interval-

valued fuzzy graphs.

Proof Consider the collection of all interval-valued fuzzy graphs. Define the relation G, =G, if
there exists a (/,/,) p -morphism from G, to G, where both /,#0 and /, #0 . Consider the
identity morphism G, to G,.Itisa (I, 1) morphism from G, to G, and hence =~ is reflexive.

Let G, ~G,. Then there exists a (/, ,)—morphism from G, to G, for some / #0 and 1, #0.
Therefore 4, (p(u)) =4, (u), o, (p(u)) =l (u), Vuel; and p (p(u) p(v)) =Ly (w),
Hr, (p(u)p(v)) =1 (uv), Yuvek,.

Consider p™':G, > G,. Let m,neV,. Since p~' is bijective, we have

mzp(u), nzp(v), for some u, vel,.

Now 4 (17 () = s (1 ( () = 4, () = 5. ( () = -4 ()

ti (7 () = 5, (27! (p0))) = 5, 1) =2 ( () = 1 ).

4 (P ()7 (m)) = g (7 (P () 27 (P(¥)) = 1 () =iﬂa (P(«)p(v)) :i“*“z (m).
i (P ()7 (m)) = i (27 (p () 27 (P () = 45 () =iﬂ2~z (P()p(v)) =iﬂé (mn).

| —

Thus, there exists [ ,llj—morphism from G, to G,. Therefore, G, =G, and hence ~ is
2

=~

1
symmetric.

Let G, =G, and G, =G, Then, there exists a (/,, /,) —morphism from G, to G, say p for
some [, #0, [,#0 and there exists (/;,/,)— morphism from G, to G, say g for some

l;#0and/, #0.So u, (q(x)):lw;z (x), H, (q(x)) =L, (x),V xeV,,
and 41y (q(x)a () =Lty (), 15 (a(x) () =Lty (), Vv € ;.

Let 7:qo p:G. — G, be a mapping.
Now, 41, (r(u)) =4, ((gp) ()=, (g (p ()))=tsts, (p 00))=td s, @),
o, (r ()=, (g op) )=, (a (p @)=ty (p @)=t ps, @)

pe (r()r(v) = sz, ((a°p) () (g0p) ()= 11, (a (p () (p (V)
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=Lipty, (p () p (v)) = Lo, (V).

i (@) (v) = 5, (g2 p) @) a o) () =2z, g (p ())a ( ()

=Ly, (p(u)p (v))=LLp, (uv).

Thus, there exists (//,, /,/,)—morphism r from G, to G;. Therefore, G, = G, and hence, ~
is transitive.

So the relation p -morphism is an equivalence relation in the collection of all interval-valued
fuzzy graphs.

Theorem 3.2 Let G, and G, be two interval-valued fuzzy graphs such that G, is (/,,,) interval-
valued morphism to G, for some /, #0and /, #0 .The image of strong edge in G, is also strong

edge in G, ifand only if [, =1,.

Proof Let xy be strong edge in G, such that p(x)p(y)is also strong edge in G,. Now as G, ~G,,

we have

L, ()= (p(x)p(»))=4, (p(x)rp(v))

=Ly (x)nhp ()

=11(/~t;] (x)Au, (y))zllu; (x)
Hence, Lu (xy)=lu_(xy), Vay ek, .
L ()= (p(x)p(v)=4 (P (c)rp ()

=Ly, (x)~hp ()

=1, (ﬂ; (x)A ) (y))zllu; (xy)
Hence, Lu' (xy)=lLu’ (xy), Vayek,.

The equation holds if and only if /, =1,.

Theorem 3.3 If the interval-valued fuzzy graph G, is co weak isomorphic to G, and if G; is regular

then G, is also regular.

Proof As an interval-valued fuzzy graph G is co weak isomorphic to G, . Then there exists a co-

weak isomorphism p:G -G, which is bijective that satisfies
Hoy ()< i, (p (), (W) < 415, (p (), YueV,
Hr. (uv)= Hr, (p(u)p(v)),,u;l (uv)= Hr, (p(u)p(v)), VYuveE. As G is  regular,
foru eV, Z #y: (uv) = constant and Z #y: (uv) = constant.

urv,vel urv,vel
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Now Z Up \ P ( ) Z ,uF uv = constant and
p(u)#p(v) u#v,vel,
Z 7 ( ) Z ,uF uv =constant. Therefore G, is regular.
PP usvmel,

Theorem 3.4 Let G,and G, be two interval-valued fuzzy graphs. If G,is weak isomorphic to G, and

if G is strong then G, is also strong.

Proof As G, is an interval-valued fuzzy graph is weak isomorphic with G, .Then there exists a weak

isomorphism p: G, — G, which is bijective that satisfies

b )= 1 (plo)) 1 ()=, (p (). Vire ¥ and

Hy. (uv) < ,u;z (p(u)p( )) ,u;l (uv) <y, (p(u)p(v)), VuveE, . As Gis strong, we
have ,uF uv) mln( ) and (uv)=min (u;Vl (u),,u;,] (v)) Now, we get
e, (P () P (v)) 2ty () = min(m; ()t ()= min (s, (p )t (p )}

By the definition, s (p(u)p(v))<min (,u;V2 (p (u )),,uV‘V2 (p(v ))) :

Therefore, 11, (p(u)p(v))= mm(,uw (p () )

Similarly, 4;; ( ) mm(,uw ()t (v )) min (ﬂw ( (u ))w”;/z (p v )))
By the definition, ;. (p u)p(v ))<m1n(,uw (p ()., (p (v ))

(
Therefore 1;, ( (u)p (v)) mm(,uW (p (u )),,u:V2 (p (v ))) So G, is strong.

Theorem 3.5 If the interval-valued fuzzy graph G, is co weak isomorphic with a strong regular

interval-valued fuzzy graph G,, then G;is strong regular interval-valued fuzzy graph.

Proof As an interval-valued fuzzy graph G, is co weak isomorphic to G, , there exists a co-weak

isomorphism p: G, — G, which is bijective that satisfies
i ()<, (p() 15 () < a1, (), Ve €Viand
My (uv) =M, (p(u)p(v)),,u;1 (uv) = ,U;Z (p(u)p(v)), VYuvek,.

Now, we get

i () =y, (p () p(v)) = min (41, (p (). 1, (p(v))) 2 min (1 (1), (¥)
i (uv)=u ( ) min ( (p u)),y;Z (p (v )))Z min (u;l W )opy, (v ))

But by the definition, z; (uv)< min (,uw (u), e, (v)),

wy (uv) < min(,u;',1 (), u,, (v))
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Hence g (uv)=min (u* (u),,u;l (v )) and ;. (uv) =min (,u;1 (u), u,, (v)) Therefore G, is strong.

Also for uel, Z ,uF uv Z,u;z(p(u)p(v))z constant as G, is regular and

u#v,vel]

Z Mo (uv) Z e, (P ( ) constant as G, is regular. Therefore G;is regular.

u#v

Theorem 3.6 Let G, and G, be two isomorphic interval-valued fuzzy graphs then G, is strong

regular if and only if G, is strong regular.

Proof As an interval-valued fuzzy graph G, is isomorphic with an interval-valued fuzzy

graph Gz, there exists an isomorphism p:G, — G, which is bijective and satisfies

,le ( )) ( ()) Vuel,,

My (uv) ,qu( ( ) ( )) ,uFl (uv) 'qu (p( )p(v)), Vuv € E, . Now, G, is strong if and only if
. (uv)—min(,u;] ().t (v )) and 1 (uv) = rmn(,uw (), u,, (v)) if and  only
p(v

if 41z, (p() p(v)) =min (i, (p(u)). 15, (P (), 5, (p(u) p(v)) = min (s, (p(u))u (p ("))

if and only if G, is strong. G, is regular if and only if for u eV, Z ,uF ) constant and

u#v,vel]

D u;(w)= constant, if and only if > ,qu( (u)p(v )) constant

u#v,vel] pu)#=p(v)

and Z ,u;z (p(u)p(v)) = constant, for all p(u) eV, if and only if G, is regular.

p(u)#p(v),p(v)el,

Theorem 3.7 An interval-valued fuzzy graph G is strong regular if and only if its complement G
is strong regular interval -valued fuzzy graph also.

Proof. The complement of an interval-valued fuzzy graph is defined as

Sy i (xy) = min{ gy (x). iy ()} = 1 (),

;- (xy)=min y;(x),u;(y)}—u;()g/) . As G is strong regular if and only if

{
= min{ g, (x), iy ()} =t () = stz () = 11z () = 0,

,u-;i(xy) = min{,u;/ (x), 14y, (y)} — 1t (xy) = iy (xy)— p47 (x) =0 if and only if u—;(xy) =0 and
Uy ( ) 0if and only if G is strong regular interval-valued fuzzy graph.

Theorem 3.8 For any two isomorphic highly irregular interval-valued fuzzy graphs, their order and
size are same.

Proof If p:G, — G, is an isomorphism between the two highly irregular interval-valued fuzzy
graphs G,and G, with the underlying sets ¥, and ¥, respectively. Then

w, ()=, (p (), iy, (u) = i, (P (w)), Yuel,

tr () = a1z, (p () p(v)) 215, (w0) = iy, (P () P(v)), Vv € E,.

So, we get
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(a0 S ][ S )T 60
:[z A (xz)]=0(Gz )

x, €V, x, €V,

[ 3 ). T i o ]( % b 60 % w61 )

Xy €E) xy €k x y€h u Y€V
z M, xzyz Z Hr, xz)’z ) S (Gz )
X)y,€E, Xy 1, €E,

Theorem 3.9 If G,and G, are isomorphic highly irregular interval-valued fuzzy graphs. Then, the
degrees of the corresponding vertices # and p(u) are preserved.

Proof If p:G, — G, is an isomorphism between the highly irregular interval-valued fuzzy graphs
G, and G, with the underlying sets ¥, andV, respectively.

Then s, (x,, )= ﬂ;z (p(x)p(»))and u; (x3,)=p (p(x) p(3)) Vx,p €V,

Therefore dg z My (X 1)’1) Z My, (P( )P (y1 ))= dg, (P (xl ))’

X,y €N P }1)EV2
x)= > m ()= X (P ()P ())=ds, (p 0 ))vx, €7,
X0 €h P)p(n Vs

i.e. the degrees of the corresponding vertices of G,and G,are same.

4. u-complement of a product interval-Valued fuzzy graph

Definition 4.1 The product interval-valued fuzzy graph is a pair G=(W, F ) of a graph

G*=(V, E) where W:[,up},, ,u;;] is an interval-valued fuzzy set on V' and F = [ Uy, ,u;] is an

interval-valued fuzzy relation on E such that £4. (xy) <ty (x)x Ly ( y), L ()9/) <t (x)x Ly ( y),

forallxy e E .

Every product interval-valued fuzzy graph is also an interval-valued fuzzy graph.

Definition 4.2 Let G:(W, F ) be a product interval-valued fuzzy graph. Then u -complement of

G is defined as G* =(V, W, F*), where F* =( ' u;“) and

- (xy):{ﬂ{y(X)Xﬂ;V ()= #r (x) .if i (x)>0
it pp (x)=0

” ()= t (x)% py (V)= (xp) 3 4 (x9)> 0
A 0 it 1t (x) =O0.
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Example 4.1 Consider a product interval-valued fuzzy graph G = (W, F ) as shown in Figure 3(a).,

where

W {[0.2,0.4]} [0.2,0.38] [0.3, 0.4]} ond

’

J K L
e {[0.1, 0.15] [0.1,0.2] [0.2, 0.4]}

i)

JK KL LJ

[ 0.01, 0.015]

K [0.2, 0.38]
[ 0.03, 0.137]

J[0.2,0.4] K [0.2, 0.38] J[0.2,0.4]
O @ ')

[ 0.01, 0.02] [ 0.06, 0.16] [ 0.05, 0.132] [ 0.0, 0.0]
L103,041 103,04
(a) Product Interval-valued fuzzy graph G (b) - Complement of G.
Figure 3: u-complement of a product interval-valued fuzzy graph G
Then u-Complement of a product interval-valued fuzzy graph G is shown in Figure 3 (b).

Theorem 4.1 Let G be a highly irregular product interval-valued fuzzy graph then its u -
complement need not be highly irregular.

Proof Let G be a highly irregular product interval-valued fuzzy graph. In G, for every vertex, the
adjacent vertices with distinct degrees or the non-adjacent vertices with distinct degrees may
happen to be adjacent vertices with same degrees in its g -complement. This contradicts the

definition of highly irregular product interval-valued fuzzy graph.
Theorem 4.2 Let G, and G, be two highly irregular product interval-valued fuzzy graphs. If G,

and G, are isomorphic, then g -complements of G, and G, are isomorphic and vice versa.

Proof Suppose that G, and G,are isomorphic, there exists a bijective map p:V, >V,

which satisfies z,, (u)= H,, (p(u)), H, (u)= H, (p(u)), Vuel,
and 1, (uv) = My, (p(u)p(v)), ,U;I (uv) = ,u;iz (p(u)p(v)), VYuvek,.
By the definition of ux -complement, we have
i, (0) = i ()%t () = i () =ty (P ()% i, (P () =42, (P (x)) (P ()
i () =t ()%t ()= i ()=, (p () sty (0 0) ), (0 6)(0 02))
for all xy € E,. Hence, G' = G,'.
Similarly, we can prove the converse.
5. Strength cut graph of an interval-valued fuzzy graph.
In this part & -strength cut graph of an interval-valued fuzzy graph G is defined with an example.
For an interval-valued fuzzy graph G =(W,F) , an edge mne E is said to be effective if
(0.5)min {,u;V (m), (n)} < gt (mn) and (O.S)Hﬁn{,u; (m), 1, (n)} < uy.(mn) and it is non effective
otherwise. The strength of an edge pg in an interval-valued fuzzy graph G =(W,F) is denoted by

69



GESJ: Computer Science and Telecommunications 2016|No.4(50)
ISSN 1512-1232

. o ] #:(pq)
T and is defined as 7 =|7,,7 where 7,  =—7"— " and
pq rq [ pq pq] (p.9) nlln{,uW(p),yW(q)}
T, = Fr (pq) . Again strength of a vertex w is denoted by 7, and is defined as

min{; (). 4 (q)}
T, = [r;,r;] where 7, is the greatest value along its membership value 4, (w) and the strengths

7, of edges wx incidentto w and 7, is the greatest value along its membership value ,, (w)

wx

and the strengths 7 of edges wx incident tow.

Definition 5.1 Suppose G = (W, F) is an interval-valued fuzzy graph. Forany 0<a <1,

o -strength cut graph of G is defined to be the crisp graph G* = (V"’ JE? ) such that
ve={pevit,2[a.allandE“ ={pge E,p.qeV /7, 2[a,al}.

Definition 5.2 For 0 <« <1, a — cut graph of an interval-valued fuzzy graph G = (W,F ), where
W= [ Ly > Ly } , F= [ s /J;} is a crisp graph G,=(V,.E,) such  that
v, = {x eV 1 gty ().t (x) ]2 [a,a]} and E, = {xy € E /[ty (x). () ]2 [a,a]} .

Example 5.1 Let G =(W, F) be an interval-valued fuzzy graph of G*=(V, E) , where

. u % w X y
[0.6,0.7] [0.29,0.3]°[0.9,0.9] [0.7,0.8] [0.75,0.9] | and

_ uv uw ux uy
[0.2,0.25]7[0.5,0.6] [0.5,0.6] [0.55,0.69]

yw VX vy wx wy Xy
[0.09,0.09]°[0.22,0.26][0.2,0.2] [0.4,0.6] '[0.65,0.89] [0.69,0.79] |

Then, the resultant 0.5 —cut graph and 0.5 —strength cut graph are shown in Figure 4(b) and
Figure 4(c) respectively.

x[0.7,0.8] ¥10.75,09]

v[0.29,0.3] & O w[0.9,09]

u[0.6,0.7]

(a) Interval-valued fuzzy graph G

x[07,08]  y[0.75,09] x[0.7,08] y[0.75,09]
Ow[0.9,0.9] v [0.29, 0.3 ]&X Ow[0.9,0.9]
u [o.g,' 0.7] ul 06 0.71]
(b) 0.5—cut graph of G (c) 0.5-strength cut graph of G

Figure 4: Example of a 0.5-strength cut graph
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Theorem 5.1 Let G be an interval-valued fuzzy graph. If 0< a < #<1, then G' =G”.
Proof Suppose G = (W, F) is an interval-valued fuzzy graphand 0<a < g <1.

Then G“ :(V”‘,E“) such that V“ :{peV/rp Z[a,a]}andE“ :{pqu,p,qu/rpq Z[a,a]}.
Also, G* :(Vﬁ,Eﬂ) such that ¥’ ={peV/rp 2[,8,/3]} and E* :{pqu,p,qu/rqu[ﬂ,ﬂ]}.

Letm e V”. Then 7, > f# > . Therefore, m € V. In the same way, for any element mn € E” gives
that mn € E° . Therefore, G* cG*.

Theorem 5.2 Let G be an interval-valued fuzzy graph. If 0 <« <1,then G, < G“.

Proof Suppose G = (W, F) is an interval-valued fuzzy graph. Then
G,=(V,.E,) suchthat V, = {p € V/[/J;V (»). 1 (p )]2 [a,a]}

and E, ={pq e E,p.g eV /[ 1y (pa), 1 (pg) ] [ ]} .
Again, G“ =(V“,E“) such that V' ={pEV/Tp Z[a,a]}andE“ ={pqu,p,qu/qu Z[a,a]}.

Let p,geV,and pgekE,.

Then| 4 (p), 4y (p) |2 [, a]and| iz (pa), i (pa) |2 [@.a].

These results along with « <1, gives that

Uy (pq) M (pQ)
min{z;, (p), 4y (q)} min{ (p). s (q)}

>[a,al.

Hence 7, > [a,a] and pq € E® . Thus for every edge of G, there exists an edge in G” . By the

strength of vertices definition, V, cV'“. So the result G, < G is true.

Conclusions

Fuzzy graph theory concepts are used in computer science, decision making, mining data. An
interval-valued fuzzy model is generalisation of the fuzzy model, we have discussed

p-morphism, g -complement, ¢ -cut of an interval-valued fuzzy graph and g -complement of a

product interval valued fuzzy graph. In future we are extending our research work to interval-valued
fuzzy planar graphs, interval-valued fuzzy hyper graphs.
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