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Abstract.

We investigate hydrogen impurity in spherical quantum dot. We calculated wave
functions and corresponding energies of electron/hole confined in quantum dot
containing centered donor/acceptor impurity. Calculations were carried out for
different dot size and different materials, such as ZnO and CdSe, with different
electron and hole effective masses. Electronic structure obtained by means of
calculation defines as emission spectra. The calculation results can also reveal
whether space confinement can alter doping (n- or p-) abilities of materials.

Keywords: Quantum dot, impurity atom, Nanoparticle

Introduction

Semiconductor quantum structures (QSs), or nanostructures, (quantum wells (QWSs), quantum rods
(QRs) quanrum dots (QDs) and nanowires (NWS)) are of great interest for both fundamental
research and applications because of their size-dependent properties. They are very important
optical materials with a wide range of potential applications due to their excellent physical and
chemical properties among which is much higher brightness. Luminescence quantum yield is much
improved in quantum structures, which is connected to increase overlap of carriers (electrons and
holes) wave functions.

A vast number of investigations are carried out to study optical (emission) properties of low
dimensional systems. In investigations, main attention is payed to size tunability of electronic
spectra and size tunability of interparticle interaction [1-3].

With size reduction to nanometer donor and acceptor ionization energies change. Conductivity of
samples depends on ionization energy of donors/acceptors and their compensation spices, as well as
electronic band structure of the system. Therefore, the understanding of the dependence of
electronic structure of Coulomb impurity on geometrical sizes of systems is crucial for its
technological applications.

There has been a large interest in the study of Coulomb impurity in nanosized semiconductor
structures of various shapes. A significant number of works has been devoted to the study of the
behavior of Coulomb impurity in semiconductor nanoobjects, such as quantum dots, nanorods and
nanowires. Obviously, the first attempt to study impurity states in a quantum well was made in [4].
In this work a variational calculation is carried out and the binding energy of donor (acceptor) has
been calculated as a function of layer thickness and impurity position. This work, presumably,
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stimulated activity of theoreticians and in the following works the binding energies of hydrogen
impurity in quantum dots [5,6], quantum wells [7,8] and quantum well wires [9-12] were calculated.
The effect of applied electric and magnetic fields on binding energy was the subject of investigation
in [13,14]. The common method that was employed in these works was a variational method. The
calculations were carried out for both finite and infinite potential barrier. In the quoted works it has
been revealed that the binding energy of impurity significantly depends on the geometry of
nanosized object, location of impurity in nanoobject and external field. Main trend that is revealed
is that in low dimensional structures strength of Coulomb interaction increases sharply, because of
space and dielectric confinement.[15]

In the present paper, we investigate hydrogenic impurity in spherical quantum dot. We
calculated wave functions and corresponding energies of electron/hole confined in quantum dot
containing centered donor/acceptor impurity. Calculations were carried out for different dot size
and different materials, such as ZnO and CdSe, with different electron and hole effective masses.
Electronic structure obtained by means of calculation defines as emission spectra. The calculation
results can also reveal whether space confinement can alter doping (n- or p-) abilities of materials.

Theoretical model

To solve the above mentioned problem the following Schrdodinger equation is to solve:
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In the left-hand side of this expression the first term is kinetic energy of electron; the second term
is Coulomb interaction potential energies of electron (hole) with positively (negatively) charged

impurity, which is assumed to be in the center of quantum dot; Vi (re(h))are confinement
potential of electron(hole); m:(h) is an effective mass of electron (hole). For quantum dots of spherical

shape these last two terms depend only radial coordinate. We consider potential well with infinitely
high barrier, so confinement potential have the form:
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In spherical coordinates, radial and angular variables are separable in Eq (1). As in every
problem of central symmetry, the solution of angular part are Y (9, (0) spherical harmonics; As for
radial part, it is non-zero only inside the dot (0 < r <a), where radial equation has the form

dZR(r)+ng(r) . Zm{Efﬁl(Hl) i}R(r)

=0 (3)
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and boundary condition is R(a): 0. This equation is very similar to radial equation in hydrogen

atom problem. The only difference is that radial wave function is zero at the boundary of spherical
dot, however, the problem is very complicated. It could be solved analytically only for limiting
cases, where dot radius a is very small [16] and very large [17].
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We solved this equation by means of shooting method [18]. This is a powerful method of solving one
dimensional eigenvalue boundary value problems (BVP) of physics and mathematics, and in particular the
radial Schrédinger equation of the form considered above. For this purposes we transform this equation by
substituting u(r) = rR(r), which gives:

d? PPI(1+1) 1
d—rlzj—V(r):O, V(I’)=—2[E—ﬁ+;j (4)

where

u(0)=u(a)=0. (5)

The main idea is to reduce BVP on an initial value problem (IVP) in the following way. Equation
(4) is second order differential equation, hence the two initial conditions are needed: the value of

the eigenfunction u(r) and its derivative du/dr at r =0. The former one is given by BCs (5) to be

zero and the latter may be chosen as an arbitrary nonzero number A (the choice of this number is
arbitrary in the sense that it must be not too large or small, which will be defined after all
calculation by the normalization condition). Thus we have for initial conditions (ICs):

u(0)=0,

6
oo, ®
dr r=0

Having fixed ICs, one can solve (or “shoot”) the equation (4) with this conditions (by using
for example Runge-Kutta 4™ steps method) for some initial approximation of energy E,, the target

in r =a and than check the second BC on this point
f(El)EuEl(a):O. (7)

After that, if this condition is not fulfilled, we must shoot one more time for some energy value
E, # E, and again check the condition

f(E,)=ue (2)=0. (8)

If E, does not matches the real eigenvalue, one must construct a transcendental equation for the
energy eigenvalue

f(E)=ug (a)=0, 9)

where the new approximation in each step is found by the regula falsi method [19]:

i=3,4,5... (10)
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It must be noticed that for each new approximation E; of the energy one must solve the IVP (4) and
(6) to find the target value of f(E;)=ug (a), then check (9) and find next approximation with (10)
until (9) is fulfilled.

Results and discussion

At first glance the quantum numbers which describes the electronic configuration in quantum dot
are pretty much similar to that of pure hydrogenic atom. The principle difference from hydrogenic
case is that the main quantum number n is not determined analytically because there is no analytical
solution of the corresponding radial equation which in turn provides the integrity of n as in case of
pure hydrogenic atom. Since the equation (1) is again separable with respect of radial and angular
variables the nodes of the radial wavefunctions and the orbital quantum number | are not related to
each other. Therefore the good quantum numbers for characterizing of the electronic configuration
in spherically symmetric quantum dot with centered impurity atom would be the nodes of radial
wavefunction (in this paper we will denote it by n) and orbital quantum number | and its projection
m. The modules squared of the wave functions corresponding to the first four lower states for
electron bound to one charged donor in ZnO are presented in Fig.1. At the panels the total
wavefunctions are presented.. In Fig. 2 lonization energies of donor and acceptor impurities in ZnO
and CdSe spherical quantum dots vs dot radius are presented. In Fig. 3 single particle energies for a
few lowest states are listed for spherical quantum dot with impurity.
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Figure 1. Wave function of the first four lower states bound to one charged donor in ZnO. The integer
numbers in the subscript of the psi functions represents quantum numbers nlm as it is described in text.

We can see that binding energies are strongly size dependent. In CdSe, with electron and hole
effective masses 0.13my and 0.45mq , respectively, donor and acceptor ionization energies are
characterized with similar behavior with size reduction. However, in ZnO, with electron and hole
effective masses 0.24m, and 0.86m, , respectively, the situation is quite different: the ionization
energy of acceptors drops to bulk value with increase of dot size much faster than ionization energy
of donor. lonization energy of acceptor in QD of 6 nm is almost the same as in bulk material, while
ionization energy of donors exceeds bulk value even in QDs of 8 nm radius. This fact has got
significant importance: there is a “window” (radius range 6-9 nm), where realization of p-
conductivity should be easer than in bulk samples, as compensating donor becomes deeper. The
fact is conditioned by big effective mass of holes in ZnO. The same picture is expected in other
oxides, where obtaining of hole are problematic and holes usually have large effective masses.
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Figure 2. lonization energies of donors and acceptors in ZnO (a) and CdSe (b).

Quantum dot radius (nm)

As in any central potential problem the electron state energies are determined by use of two
quantum numbers: n and I. In Fig. 3 there are expressed the dependence of first few lowest single
particle energy states on spherical dot radius and on the quantum numbers. It shows that the I-
degeneracy is cancelled in opposite to hydrogen atom, as it was expected, due to existence of strong

confinement effects.
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Figure 3. Energy states E, of electron bound to donor impurity in ZnO spherical quantum dots as a function of dot
radius and quantum numbers a) | and b) n.
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