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Abstract.

The paper considers a nonlinear mathematical model of economic cooperation between
two politically mutually opposing sides (possibly a country or a country and its subject)
that takes into account economic or other type of cooperation between parts of the
population of the sides aimed at convergence and peaceful resolution of the conflict.
The model implies that the process of economic cooperation is free from political
pressure, i.e. the governments of the sides and the third external side does not interfere
in this process. A dynamic system has been obtained that describes the dynamics of
parts of the population of the sides, focused on cooperation. The model also assumes
that both sides have a zero demographic factor, i.e. during the process, the sum of
supporters and opponents of cooperation is unchanged. In the case of constancy of the
coefficients of the mathematical model, singular points of the nonlinear system of
differential equations are found. The problem of stability of solutions is studied. In the
case of some dependence between the constant coefficients of the model, the first
integral and the exact analytic solution are found. The exact solution obtained allows,
within the limits of the given mathematical model and the dependence between its
coefficients, to determine the conditions under which economic cooperation can
peacefully resolve a political conflict (most of the populations of the sides want conflict
resolution).

Keywords: mathematical model of resolution of conflict, dynamic system, stability of
solutions, exact solutions.

1. Introduction

It is known that mathematical modeling in the social sphere, in sociology, in demography, in
the history, in conflictology, in the description of information warfares, processes of assimilation of
the people, globalization, etc. was widely adopted in recent years [1 — 14].

In [2] the nonlinear mathematical and computer model of information warfare, with
participation of interstate authoritative institutes is offered. Confronting sides in extend of
provocative statements, the third side extends of soothing statements, interstate authoritative
institutes the peacekeeping statements call the sides for the termination of information warfare. For
the general model computer modeling is carried out and shown that irrespective of high aggression
of confronting sides, interstate authoritative institutes will be able to extinguish information warfare
and when for this purpose efforts of only the international organizations insufficiently.

The current developments in the modern world contributed to study and led to the creation of
mathematical and computer models social processes, such as: public administration and
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administrative management [15], demographics and social processes of assimilation [3, 16, 17], of
interference in fundamental and applied researches of scientifically-research institutes [10 - 12],
problem of training of the diplomaed scientists [13, 14], problems of linguistic globalization [5].

The mathematical modeling of political elections is of great interest. Many scientists deal with
this topic. In most cases, stochastic models of political elections are proposed, which involve an
analysis of the statistics of already held elections [18 - 20].

Extremely important is the creation of a mathematical model, which would give an
opportunity to define the dynamics of change in the number of supporters of different political
subjects during the election period and a possible forecast of the election results.

In [21 - 24] a two-party or three-party (one pro-government and two opposition parties)
nonlinear mathematical model of elections is considered when coefficients are constant. The
assumption was made that the number of voters remains the same between two consecutive
elections (zero demographic factor of voters). The exact analytical solutions were received and the
conditions under which opposition party can win the upcoming elections were established.

In [24] a two-party (pro-government and opposition parties) nonlinear mathematical model of
elections is considered with variable coefficients.

In work [25] the nonlinear mathematical model with variable coefficients in the case of three-
party elections is proposed, that describes the dynamics of quantitative change of the votes of the
pro-government and two opposition parties from election to election. The model takes into account
the change in the total number of voters in the period between two consecutive elections, i.e. the so-
called demographic factor during the elections is taken into account. The model considered the
cases with variable coefficients. In the particular case exact analytical solutions are obtained.

In particular, assumed that in the period between elections coefficients of “attracting” voters
are exponentially increasing function of time. In the particular case the exact analytical solutions
were obtained.

Of particular interest is the change in the number of political actors between the election [26].

It is known that mathematicians Robert Aumann and Thomas Schelling in 2005 got the Nobel
Prize on economy for a cycle of scientific works "Understanding of problems of the conflict and
cooperation with the help of the analysis within game theory". Robert Aumann in the lecture when
receiving an award noted on December 8, 2005 that: "Wars and other conflicts are one of the main
sources of human sufferings. So, it is expedient to devote this lecture of one of the most vital and
deep issues facing mankind: war and peace", and Thomas Schelling emphasized that: "The most
fascinating event of last half of the century is that which did not occur. We enjoyed sixty years
without the nuclear weapon blown in anger".

One of authors of Singapure "economic miracle" Lee Kuan Yew is sure that "If you need
economic growth, then it is better not to be at war with neighbors, and to trade".

2.1. Mathematical model describing of settlement of the bilateral conflict by
means of economic cooperation

The new nonlinear mathematical model (the dynamic system) of economic
cooperation between two warring sides offered by us has an appearance:

P g (a = N O~ o 0) + BLON ON. 0
p : (1.1)
P20 g (0= N ONE= Ny () + B, (ON (DN, 0

N,(0)=N,y, N,(0) =Ny, (1.2)
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where N, (¢) - number of the citizens of the first side in time-point ¢, wishing or already being in
economic cooperation and inclined to the subsequent peaceful resolution of the conflict,
N, (t) —number of the citizens of the second side in time-point f, wishing or already being in
economic cooperation and inclined to the subsequent peaceful resolution of the conflict,
a,(t),a,(t) —coefficients of aggression (alienation) of the sides, p,(¢), 5, (t)—coefficients of
cooperation of the sides, a,b— the population according to the first and second sides which in
model are assumed invariable (zero demographic factor), N,,N,e C'[0,T], T —time-point of
resolution of conflict.

We assume that rather weak (1.3) and strong (1.4) conditions of resolution of conflict are:

LeN@®)<a
i t>1. (1.3)
S<N,(0<h

2?aéNl(t)Sa

. 1>, (1.4)
2b
TEN0<b

2.2. Special case of constant coefficients of model

Let's consider a special case of constant coefficients of model.

a,(t)=a, =const >0, a,(t) =a, = const >0, (2.1)

p.(t) = p, =const >0, B,(t)=p, =const >0,

The system of the nonlinear differential equations (1.1), in case of (2.1) has the following
stationary (special) points:

M (a;0), which when performing inequalitye,f, —a,f,>0 1is unstable knot, and when
performing opposite inequality «,f, —a,,<0 - a hyperbolic saddle;

M,(0;0) - when performing inequality ¢,f, —a,,<0 is unstable knot, and when performing
opposite inequality «, f, —a,, <0 - hyperbolic saddle.

When performing equality «,f, —a,f,=0 in the first quarter of the phase plane of solutions
we will receive a curve which each point is special point
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M (g—2PE=D o, (2.2)
Bq+a(a—q)
Let's assume that the ratio takes place
a, «a
- =0, -2
a,p, —a, 5. B, p (2.3)

Then the system (1.1), taking into account (2.1), (2.2) will correspond in the following look

% — B[ p(a-N,(6)(b - N,() ~N ()N, ()]

(2.4)
_dfilzt@ = ~Ba[p(a— N, ()b~ N, (1) =N, ()N, ()]

From (2.4), taking into account initial conditions (1.2), it is easy to receive the first integral of
system of the differential equations

N, ()= Ny +%<N1 ()~ Nyy)

1

(2.5)

Further, substituting (2.5) in the first equation (2.4), for N,(¢) function we will receive the
following differential equation

dN, (t)
dt

= Pﬂ(_ﬁ1b + B3 _ﬁlel}j
+ [ﬁlpb + ﬁ:pﬂl+ 181(1_ p]N:u - (1 _Pjﬁzmm]Nj_[t:] +

+(1— p)B,NE (1) (2.6)

with an initial condition (1.2).

Let's consider some special cases.

l.p=1

Then the solution of a task of Cauchy (2.6), (1.2) has an appearance
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Ny(t) = Eibigzﬂ [B1(BNy, + aNyg — ab) exp[ (B1b + Bra)t] + a(By (b — Nyp) + B;Nyg)] (2.7)

The analysis of the solution (2.7), shows that at

bN,, +aN,, <ab (2.8)
inequalities take place
NGO g N0 2.9)
dt dt
at
bN,, +aN,, =ab (2.10)
equalities take place
NG o L0 @2.11)
dt dt
at
bN,, +aN,, > ab (2.12)
inequalities take place
NGO o IO 2.13)
dt dt

From (2.7) it is easy to show that at (2.12) equality is right

_ 1 lna[IBlN20+,B2(a_Nlo)]
Bb+ B,a Bi(bN,, +aN,, —ab)

N, () =a, t, (2.14)

N,(t,) =N, +%(G_N10)

1
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2. p#1
Let's enter designations
5’ = pa[B,N,, +(b—N,)p 1 (2.15)
SEﬂlpb+ﬂ2pa—ﬁl(p—l)N20 +(p—1)ﬂ2N10 (2.16)
In the first case
82 :452(p_1)ﬂ29 (217)

what is possible only at p > 1, the solution (2.6), (1.2) has an appearance

g

£
Ny +*[N10 -
2 2(p-1
N, (1) = (pg ), (2.18)
[((p—DB,N, _E]t +1
at the same time, it agrees (2.16),at p>1, £>0
imd,¢)=—————
Bm %050 T, @19
In the second case
‘92 < 452(17 - l)ﬂzo (2_20)
what perhaps only at p > 1, the decision (2.6) has an appearance
&£
c Ny — 2p-1)p —qtan((p —1)gpB,1)
M=o E—=r 2.21)
P =P +(N,y —— ) tan((p -1 t
g+ (N 2(p—1),32) ((p=Dgp,1)

at the same time, it agrees (2.16),at p>1, &> 0.
In the third case
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&> 457 (p-1)p,

g e =45’ (p-DA,
2(p-1)p, 2p-1p,

n=

s, V&t —48* (p-1)p,

Ny, =
2(p-1)p, 2p-1p,
N, (N =Ny =N (N — le)exp{t( p)\/g —45° (p—-1Dp,}
Nl(t): |
Nlo_N11+(N12_N1o)eXp{t| p)\/ —465° (p-Dp,}
If p>1,then

N, (Nyy =Ny =N, (N _Nu)eXp{_t\/“;z _452(p_1)ﬂ2}

Nl(t)=
Ny =Ny + (N, _]\71())65413{_1‘\/52 _452(p_1)ﬁ2}

, g+’ —453 (p-1)p,
N, () =
lim %) 200 D5,

If p<1

N, (Nyy =Ny =N, (N —le)exp{t\/gz _452(p_1)ﬁ2}

Nl(t)=
Ny =Ny +(Ny, _N1o)exp{t\/52 _452(17_1):82}

_ g+4&> +45%(1-p)p,
N.(t) =
MmN © 20-p)f,

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

The analysis of the received exact solution (2.7) — (2.28) allows within this mathematical
model and some dependences between its coefficients, to define conditions at which economic
cooperation will be able peacefully to resolve a political conflict (most of the population of the sides

wish resolution of conflict).
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3. Conclusion

Thus, from the analysis of the received analytical solutions within the offered mathematical
model, it is possible to define conditions on model parameters (the number of the population of the
sides; initial values of supporters of economic cooperation; coefficients of aggression of the sides;
coefficients of economic cooperation of the sides) at which resolution of conflict by means of
economic cooperation between politically warring sides is possible.

References:

[1] Chilachava T., Dzidziguri Ts. Mathematical modeling. Tbilisi, Inovacia, 2008.

[2] Chilachava, T., Chakhvadze A. Continuous nonlinear mathematical and computer Model of
information warfare with participation of authoritative interstate institutes. Georgian
Electronic Scientific Journal: Computer Science and Telecommunications, 2014, Ne 4(44),
pp. 53 —74.

[3] Chilachava T. Nonlinear mathematical model of bilateral assimilation. Georgian Electronic
Scientific Journal: Computer Science and Telecommunications, 2014, Ne 1(41), pp. 61 — 67.

[4] Chilachava T. Nonlinear mathematical model of the dynamics of the voters pro-government
and opposition parties (the two election subjects) Basic paradigms in science and technology.
Development for the XXI century. Transactions II. 2012, pp. 184 — 188.

[5] Chilachava T. Mathematical model of linguistic globalization. Problems of security
management of difficult systems. Works XXV of the International conference, Moscow,
2017, pp. 259 - 262.

[6] Chilachava T., Sulava L. Mathematical and computer modeling of three-party elections.
Georgian Electronic Scientific Journal: Computer Science and Telecommunications 2016,
Ne 2 (48), pp. 59-72.

[7] Chilachava T. Nonlinear mathematical model of dynamics of voters of two political subjects.
Seminar of the Institute of Applied Mathematics named I.Vekua Reports,2013, vol.39,
pp-13 —22.

[8] Chilachava T. Nonlinear mathematical model of the dynamics of the voters pro-government
and opposition parties. Problems of security management of complex systems. Proceedings
of the XX International Conference, Moscow, 2012, pp. 322 — 324.

[9] Chilachava T., Chochua Sh. Nonlinear mathematical model of two-party elections in the
presence of election fraud. Problems of security management of complex systems.
Proceedings. of the XXI International Conference, Moscow, 2013, pp. 349 - 352.

[10] Chilachava T., Gvinjilia Ts. Nonlinear mathematical model of interaction of fundamental and
applied researches. Problems of security management of difficult systems. Works XXIV of
the International conference, Moscow, 2016, pp. 289 - 292.

[11] Chilachava T., Gvinjilia Ts. Nonlinear mathematical model of interference of fundamental
and applied researches of scientifically-research institute. Georgian Electronic Scientific
Journal: Computer Science and Telecommunications, 2017, Ne 1(51), pg. 15 —24.

[12] Chilachava T., Gvinjilia Ts. Nonlinear Mathematical Model of Interference of Fundamental
and Applied Researches. International Journal of Systems Science and Applied Mathematics,
2017, Ne 2(6), pg. 110 —115.

[13] Chilachava T., Gvinjilia Ts. Research of the dynamic systems describing mathematical
models of training of the diplomaed scientists. Seminar of I.Vekua Institute of Applied
Mathematics, Reports, 2017, vol. 43, pp. 17 — 29.

[14] Chilachava T., Gvinjilia Ts. Research of three and two-dimensional nonlinear dynamical
systems describing the training of scientists. Applied Mathematics, Mechanics and
Informatics, 2017, Vol. 22, No.1, pp. 3 — 20.

15



GESJ: Computer Science and Telecommunications 2018No.3(55)

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

ISSN 1512-1232
Chilachava T., Sulava L. A nonlinear mathematical model of management. Georgian
Electronic Scientific Journal: Computer Science and Telecommunications, 2013, Nel(37), pp.
60 — 64.
Chilachava T., Chakaberia M. Mathematical modeling of nonlinear processes bilateral
assimilation, Georgian Electronic  Scientific ~Journal: ~Computer Science and
Telecommunications, 2015, Ne 2(46), pg. 79-85.
Chilachava T., Chakaberia M. Mathematical modeling of nonlinear processes of two-level
assimilation.  Georgian Electronic  Scientific  Journal: ~Computer Science and
Telecommunications, 2016, Ne 3(49), pg. 34 — 48.
Chilachava T. Nonlinear mathematical model of the dynamics of the voters pro-government
and opposition parties. Problems of security management of complex systems. Proceedings
of the XX International Conference, Moscow, 2012, pp. 322 — 324.
Chilachava T. Nonlinear mathematical model of dynamics of voters of two political subjects.
Seminar of the Institute of Applied Mathematics named [.Vekua Reports,2013, vol.39, pp.
13 -22.
Chilachava T. Nonlinear mathematical model of three-party elections. Problems of security
management of complex systems. Proceedings of the XXI International Conference,
Moscow, 2013, pp. 513 - 516.
Chilachava T., Sulava L. Mathematical and computer modeling of nonlinear processes of
elections with two selective subjects. Georgian Electronic Scientific Journal: Computer
Science and Telecommunications, 2015, Ne 2(46), pp. 61-78.
Chilachava T., Sulava L. Mathematical and computer simulation of processes of elections
with two selective subjects and float factors of model. Problems of security management of
difficult systems. Works XXIII of the International conference, Moscow, 2015, p. 356 — 359.
Chilachava T., Sulava L. Mathematical and computer modeling of three-party elections.
Georgian Electronic Scientific Journal: Computer Science and Telecommunications 2016,
Ne 2 (48), pp. 59-72.
Chilachava T. Mathematical model of transformation of two-party elections to three-party
elections.  Georgian  Electronic  Scientific =~ Journal: ~ Computer  Science and
Telecommunications, 2017, Ne 2(52), pp. 21 - 29.
Chilachava T. About some exact solutions of nonlinear system of the differential equations
describing three-party elections. Applied Mathematics, Informatics and Mechanics, 2016,
vol. 21, Ne 1, pp. 60 -75.
Chilachava T., Sulava L. Mathematical and computer modeling of political elections. Of the
eleventh International Scientific — Practical Conference INTERNET-EDUCATIO-
SCIENCE-2018, Proceedings, 2018, pp. 113 —116.

Article received: 2018-10-13

16



