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Abstract:

We have obtained an expression for retarded potential of electromagnetic field for
arbitrary moving point charged particle having a magnetic moment (corresponding
terms are added to Lienard-Wiechert potential). The radiation reaction force which
corresponds to radiation part of this field is calculated as well.
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I. INTRODUCTION

It is well-known that classical electrodynamics contains some problems and contradictions, such
as: a) for the hyperbolic motion the radiation reaction (RR) 4-force acting on accelerated charged
particle is zero. The problem occurs especially for the time-like component of the RR force while
power of radiated energy is not zero; b) self-acceleration phenomenon, when the speed of the
charged particle increases under the action of RR force, etc. (see [1]-[5] and references cited there).
As it is noted in [5, §75], the problem of a self-acceleration phenomenon has to be considered in
connection with the known problems of so called electromagnetic mass (see e.g. [6] v.2]). In the
articles [4] we have studied the next problem: the electromagnetic field (EMF) radiated by linearly
moving accelerated charge at certain time ¢, after time interval Ar reaches the sphere with radius

R=cAt and creates an energy-momentum flux through this sphere. The problem is that the flux
decreases as A+ (and R) increases. In order to clarify this problem most authors (see, e.g., [5])

consider such part of EMF that gives flux which does not change as sphere radius increases and call
this part the radiation field. Some authors (e.g., [2]) combine the residual field with charged particle
to create a “complex” and assume that this two objects somehow exchange an energy.

Rather often (a lot of examples can be cited), problems and contradictions in theoretical Physics
occur when and due to incorrect and/or incomplete theoretical model is used to describe a
phenomenon. In this context we would like to note that there are no charged fundamental particles
(quarks, leptons and gage bosons) without magnetic moment (we restrict ourselves by consideration
of only fundamental particles known in the Standard model and found experimentally). So, we could
expect that for charge having a magnetic moment the problems noted above will get an explanation.
As it will be shown below, this expectation are not materialize. In spite of this, in our opinion, the
expressions for retarded potentials and RR force for a charge particle having a magnetic moment are
interesting.

In order to calculate the potential of the field created by magnetic moment of arbitrary moving
point particle, we start with expression given by J. Frenkel [7]
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Here and below X'=x'—x" (i=0,1,2,3); x'=(ct,x”) stands for the observation point’s 4-coordinates
and x" = (ct',x'") — for the ones of the particle location point (a=1,2,3); ¢=3-10°m/s is speed of
light in vacuum; 7 denotes a proper time of the particle; g, (see the formula (3.2) below)

characterizes the magnetic moment of the particle; T is any closed counter on complex plane
surrounding the origin. In (1.1) and below we omit the sign of summarization in expressions where
indices are repeated.

In the Sec. II, to check the correctness of this approach we consider the similar expression (2.1)
for point charged particle and get the correct expression for corresponding potential — Lienard-
Wiechert potential (2.2) and correct expression for RR force associated with radiation field in co-
moving inertial reference frame (the Larmor’s formula). Having written it in covariant form and
taking into account the known condition F'u, =0, we obtain the expression for the Abraham-
Lorentz-Dirac (ALD) force. In the Sec. III the potential of EMF of point particle having magnetic
moment is obtained using the formula (1.1). In the Sec. IV we repeat the Sec. II scenario for point
particle having magnetic moment; in the Sec. V the same program is provided for charged point
particle having magnetic moment. Some special regimes of motion are considered as well.

In the units we use below c=1; the metric tensor is chosen as g"=g, =diag(l,—1,-1,-1),
g;=0,;=diag(1,1,1,1). Then
X =g XX'=(x, —x)(x* =x*)=(—-1t') -R*. (1.2)
Here

—

R=X%-%, R*=R*=(x"—-x"")(x"—x"). (1.3)
Brackets ( ) stands for a scalar product of 3- and 4-vectors; f (r)=df(r)/dr forany function f(7).

II. THE RADIATION PART OF THE ELECTROMAGNETIC FIELD
OF A POINT CHARGED PARTICLE AND CORRESPONGING RR FORCE

a) J. Frenkel [7] expressed the potential of the charged particle by integral on complex plane (we
have changed the metric in the formula (24) of the article [7]):

o —2e
3,5 =——¢

r

dx, —2e ¢dx; 1
= —dr, 2.1
X* 27i SB dr X° @1

r
There are two real poles R=2X"==+(¢—1t"), ¢t > ¢, inside the closed curve I'. Below we consider

only retarded potential. For this case, according to the residue theorem, one obtains the well-known
Lienard-Wiechert potential:

o dizil _ W
¢, (t,X)= Ze{uk[ drj } N e<Xu>

u =u(t')=g,dx'"/dr=-g,dX'/dr.
b) Using ¢, (¢,X) one can calculate the EMF and associated with it 4-momentum passing through

; (2.2)

R=+X°

where

the R radius sphere during the time interval dr (the charge was in the center of the sphere at time
t' when the EMF were radiated). Let us consider only such part of the field that is proportional to R

(radiation field, see Sec. I; below we use the notation %:R/R, vo=dx'/ldt',a=do/dt, a'=daldt").
e;%x[(;%—ﬁ)xfl]

R(1- <ﬁa>)3

E@Rad.(t’ 5":): s (23)
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H oy (6,3) = (FXE p0)- (2.4)

where X', 0 and 4 are taken at the retarded time ' =7 —R.

The 4-momentum which is associated with the field passing through the R radius sphere during the
time interval dr does not depend on R, so this 4-momentum is assumed to be the radiated 4-

momentum.
Let us consider co-moving inertial reference frame — the proper frame (PF) where charge is at rest
at the time ¢'. In this reference frame one has

- . efafrl\ .
E.Se];d (t,x):E(r<ra>— a)
Note, that the relations

PF . _ e _ ~ PF
, Hsgd_(t,x):g(axr) .

(2.5)

ESeid,z = H:;e];d.za <E§€}Zd.H§?};d‘> =0, (2.6)
similar to ones for the plane wave are fulfilled.
Densities of the energy and of the momentum corresponding to (2.5) can be expressed as follows:

EPF 2 HPF 2 2 A 12 PE

eRad. ;‘ﬂ cRad.  _ 4;R2 (a2—<77(7> j , (2.7)
~PF r v PF 2 A V2 PE
E raa. :ﬁHeRad- _ 4;132 ?(az —<75i> ) (2.8)

Calculating the energy and the momentum which flow through the R radius sphere during the
proper time interval dz = (1—-0%)"?dt' = y"'dt' one gets (in spherical coordinates)

2z b4 2 o PF

dw? =dr | dp[R*sin0d0——| a*—(7a - /3| d, (2.9)
eRad . 47Z'R2
0 0
N PF
PF o 2. e’y 2 /22\?

dPyt, =dt [ dp|Rsin0d6 ek —<ra> - 0. (2.10)

0 0

Relation (2.9) is called the Larmor formula. According to the energy-momentum conservation law
the formulas (2.9) and (2.10) mean that a 4-force acting on a charge when corresponding fields were
radiated (at the retarded time ' =¢—R) is:

. . > —\ |PF
Fit ==, Bii) =(-213)e%a% )| (2.11)

eRad .>
Presenting (2.11) in covariant form (see App. 4) one gets:
Flow=2/3)0’u, (2.12)
where o® = 0o, = (i), 0*=1u"=d/dr(y, yv).
Taking into consideration that
(uu)y=1 = (uw)=(01/2)d/dr{uu)=0 =

= a)zz—ukda)k/dr:—ukdzuk/drz, (2.13)
one can rewrite (2.12) as
Fl. =—(2/3)e*u'v"d’u,/dr’. (2.14)
The expression (2.14) does not satisfy the condition
F'u,=0 (2.15)

(in 3-dimension form this condition is equivalent to obvious equality —dW /dt = <F 3] >). The reason is

we have omitted the non-radiation parts of EMF. Correct calculation of EMF at small distances from
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a charge [8] shows that one has to assume for the RR force, which is associated with non-radiation
part of EMF the following expression
Fi

enonRad.

=(2/3)e’d*u'/dz’. (2.16)
(the Schott term). Then the force F), ,+F, ... will satisfy general condition (2.15).

en

Finally, one obtains the well-known ALD force as follows:
F'=F +F' =(2/3)e’ (g"~u'vu")d’u, /d7’. (2.17)

e eRad enonRad.

Note, that to obtain the Schott term most authors (see, e.g. [9]) obtain the Larmor formula (2.9)
([9], (19.19)) considering slowly (v <<c¢) moving particle and using approximate expressions for

EMF; hence, they assumed that obvious relation —dW /dt = <f7 D> is satisfied not instantly, but only

when it is averaged over the time ([9], p. 346). In contrast, we have obtained the Larmore formula in
PF using exact expressions for radiated EMF and then have obtained the Schott term assuming that
the condition —dW/dt = <17“ D> is satisfied at any time moment.

It should be noted that no other terms having a force dimension except terms given in the formula
(2.17) can be constructed (using ' and its time-derivatives).

III. POTENTIAL OF THE ELECTROMAGNETIC FIELD OF THE POINT PARTICLE
WITH A MAGNETIC MOMENT
a) In order to calculate the potential of an EMF of the point particle having the magnetic moment
J. Frenkel has used the expression similar to (2.1) ([7], the formula (25a)):

ke, o 4 ,UH(T)XI
t,X)= dr, 3.1
o' (1,%) 27“.43 e (3.1)
where 1"(r) is defined as
0 -d, -d,  -d
i 0  -m@) m®)
ki X z v
u(r)= - N (3.2)
d, m() 0 —m, (V)

d, —-m,@) m©®) 0

z

Here d is similar to particle’s electric dipole moment [7]; d and m(vU) have to be find as Lorentz

transformation of the following skew-symmetric 4-tensor:
0 0 0 0

0 0O -m m
(PFYKI _ . (PF) _ z vl 33
ll’l ll’lkl 0 mz 0 _mx ( )
0 -m, m, 0

So, in the reference frame where particle moves with the velocity o one has
d = yOxm(0) =i xm(D), (3.4)
1%(5)=7ﬁ1—(7—1)5<5ﬁ1>u‘2. (3.5)
The only nonzero invariant of the skew-symmetric tensor ,,(7) — the expression
=t = 2[;712(5) —32] =2 () - v (D) | =2’
gives
|ﬁ1(5)| =(1- uf)‘”2|nﬁ

where U, is perpendicular to 7 (D).
Note, that
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pu'=0, (3.6)
and therefore
frgu'+ g, @' =0, i u'+ 24, 0"+ p,60'=0, (3.7)
and so on.

b) It is well-known ([10] p. 84, (3)) that if a function F(z) has a second-order pole then one has

= ﬁ?_%F(z)dz - }Lrg%{(z —z,) F(z)}, (z,2T). (3.8)
In a special case
c_ﬁ G/ (3.9)
27Z'l l//(Z)
where f(z) has no poles inside the closed curve I" while
l//(z)z%'zo)(z—zo) '/’3(2 )(z-2,) +0((z-2,)"), (3.10)

the formula (3.9) gives

o d /)
ndz |y (20) 1214 (- 29" (2) 314 0((2— 2,)°)
_2/'z)  2/(z)
v'(z)  3(p'(z,))
To use the last formula for calculating the potential (3.1) one has to consider the derivatives of X *
(see (1.2)):
ox*/or|

W (z,). (3.11)

=—4X(Xu)| = (3.12)

RXO

>xor| = 4[2<Xu>2—X2(<Xa)>—l)}
oxt/or| =4[ 6(Xu)((Xo)-1)-X’X 0w,/ 0t ]‘HO = 24(xu)((Xo)-1)| . (3.14)
So, according to formulas (3.1), (3.11)-(3.14) and taking into account the formula (3.6), one

—x°

= 8(Xu)’ (3.13)

R=x"° R=X"°

obtains
- X ) I-(Xo
(pf\‘l(t,X)Z{ lz{y”‘ﬂu”‘—ﬁ( q} , (3.15)
<Xu> < u> X°=R
where 1 u*, »* are taken at the retarded time #' =¢—R, R=x-X().
Below for sake of brevity we use the following notations:
p=(Xu)| ., = 7(R—<Ea>), (3.16)
X' - A\ oA
l_ A _ 1[5 ot
£ Ty 7P (R.R)=7y (1 <ru>) (1.7). (3.17)
R=X
Taking into account that [5, § 63]
0, 7| oo = g,kX’<Xu>_l‘H0 =S (3.18)
it is easy to check that the following relations are valid:
OX'| ., =oi+&axer| , =ol-&u, (3.19)
p=u+g (<X(0>|R:X0 _1) =Ut é:k(p<é:a)>_l)9 (3.20)
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0,&'= p (8~ Guu' = &'u, +&'8) — &' (), (3.21)
ou=¢af E7=£E=0, Eu=1, 0, =2p7". (3.22)
Here and below all p, & u" are taken at the retarded time ¢'=¢— R, unless otherwise is indicated.
Using (3.6) and formulas (3.16)-(3.21) the potential (3.15) can be rewritten as follows:
Py (t,X)=0,(u" 1 p). (3.23)

Note, that the formula (3.15) differs from one obtained by Frenkel [6, (26)]. In the notations used
above the Frenkel’s result gets the form:
& 1+ <I”U> o

coi}w)(t,%):; AT r—" y(va) ||, (3.24)

while the potential (3.15) we have obtained above in the same notations can be presented as:

- ‘ 1-y*(Ra o
PSR | Y Lt o IRV | (3.25)
P P
It is obvious that potential (3.1) must satisfy a condition
0,0k (1,5)=0 (3.26)

(Lorentz gauge) as far the integration in (3.1) is done over a closed curve. Using (3.16)-(3.22) it is
easy to show that (3.15) satisfies this condition while the potential (3.24) does not. The contradiction
is caused by incorrect transformations in [7] when the theory of residuals was used. Namely, in [7]
the expansion (3.10) was hold the first addend only (other terms of the expansion were omitted)
while, according to the general formula (3.8) the second term of (3.10) gives significant contribution
in the final result (3.15) (or (3.23)). Therefore the formula (3.24) ((26) in [7]) does not correspond to
the formula (3.1) ((25a) of [7]).
¢) For motionless particle the formula (3.15) (according to App. A and App. B) turns into

mxF o ixE

0=, H = + : 3.27
@ =2 e (3.27)
if m = const then
_ ﬁ’lXI_} l
9’ =0, ¢= P (3.27)

Below everywhere we shall assume that m = const.
Note, that (3.27') coincides with 4-potential of an elementary circular current.

d) As far the potential (3.15) (and hence (3.23)) is in Lorentz gauge the Maxwell equation gets the
form

0,F"(t,%)= 0,0"¢" (t,%) = 47" (t,%).
So, for the potential (3.23) we have
0,0"0,(1"p™"=0,0,0"(u" p )= 4mj (t,%). (3.28)
Taking into consideration the Leibnitz formula one obtains
JH 3= (4n) " 0,0"0,(u"p) =
=(47)"'0,(u"0"8,p™ )+ (47)(2(0"p V(8,1 + p' 0”0, 1"). (329)

—1

In order to calculate 6"9, p™' one can use the known result [5, § 63]

0"0, (u,p") =47y (u (S R).
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It should be emphasized that in the last formula due to R =0 time is not retarded, so we have
dependence on the observer’s time: u,(t), y'(¢), " (¢). Then, taking into account (2.13) and (3.22)
one obtains

0"0,p ' =0"0,(u'u, p=u"0"0 (u, p") +2(0"u"o,(u o) +u, p'0"0,u" =
= u!(t) (4777 (O u, () S®)) = 47y (S R).
Inserting this result and (3.20)-(3.22) in the formula (3.29), after obvious simplifications one finds
J(6.3)= 0,4y SR))+ (4x) o (p 0" (i"E) - 2p7 ") =
=0, (" Y 'OR)) + 8,4mp) ! (" EE, + i "¢, ~2p7' " ).
Finally, according to (3.22) we find
7% = 8,407 (OSR)). (3.30)

So, taking into account that z°°= 0 (see (3.2)), one finds components of magnetic moment having
particle’s current:

J ) =0, 1Oy O (F-F(0) | =)y (1)8,6(3-F (1)), (331)
NI i () N i O S ol O 1 O P
JjUex)=6(x x(t))at 0 e 9, 6(X-X'(1)). (3.32)

It is easy to show that the appropriate magnetic charge does not exist: calculating the space
integral of the j°(¢,%) according to the Gauss theorem we obtain

j ¢, %)dV = j 0,1 Oy ()S(3-% (1)) ]aV = gS L)y ()8 (37 (1)) dS“=0. (3.33)

IV. THE RADIATION PART OF EMF OF THE POINT PARTICLE HAVING A
MAGNETIC MOMENT, AND THE RR FORCE
Using (3.18)-(3.22) one can calculate EMF tensor corresponding to the potential (3.15) as follows:

F;k(tﬁx):a[¢k(t’x)_ak¢i(tﬂ)_é):
:p73(p<§a)>_1){3[”i+(p<§w>_l)é]éﬂﬂnk—ﬂik} +
+p 7 =38 (p(Ew)-1)+2u "+ Eu" | im0 11, E" | +

+p ' EEji—(E@) |- [terms with i =2 k]. (4.1)
Let us consider a part of the tensor F, that is proportional to R~ (the radiation part of the field):

F;kRad(tﬂ)_é) =
= gnp_l |:(§ilLlnk _§kﬂni)(3<§w>2_ <§a)>) =3(& _gkﬂni)<§a)> + (& Ay _gkluni):l' 4.2)

So, in the co-moving inertial reference frame for £/%, , and A , we obtain the following expressions:

EM D)=k [(3<;5><nz(7xa)>+<nz(ﬁxa')>)+

+3(7 (s a)+(mxa')—<ma>(%xa)—(ﬁqxﬁ)(3<ﬁa>2+<ﬁa’>)] : 4.3)
o (6.5) =R {ﬁ[<@ﬁ>(3<#*>2+<ﬁ*’>) ~(am)(7a)|+
+a( 3<r711%><ra>+<ﬁ15i>)+ ma —a'<ﬁ11§>} (4.4)

To obtain these formulas we have used results shown in App. 4; d and @' =dd/dt' are taken at
retarded time t'=7—R.
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Note, that similarly to (2.6) the following relations are fulfilled:
E ZFRad.zz HAI/)IIZQad.Z’ <E LFRad.HA}/)II;?ad.> = O (45)
Repeating for these fields calculations performed in Sec. II, similarly to (2.9) and (2.10), one gets:

W, =de[dp ["R*sin0dO(E 2+ H k) 87 =

~(2/105)dr {2a*((fa)+9ii’a’)=7((@') ~2a )| °, (4.6)
dBl, =dz[ dp [ R*sin0d6(E [, < A, ) /47 =
= (2/105)dz {2 ((@m)(da") ~3a*(a'm)) + @ (@)’ —3i’a* )~ 5a((am)(a'm) —3m2<a'a>)} @

Similarly to (2.11) we get
FA?/;;, — (2/105)[7(<ﬁ'ﬁa>2—2a'2ﬁ12)—3a2(<5ﬁ¢>2— azr—ﬁz)]

PF

b

Er = (2/105)[2171(<5ﬁz><55'>—3a2<5'ﬁ1>)— d((a ﬁ1>2—3a2ﬁ12)—

=5 ((am)(@m)-3m(aa’)] " (4.8)
Rewriting (4.8) in covariant form (see App. D) one gets:
Fiipaa =(1/109){2[ Seo, 1" i, u"+ 6% wb) | ' +
+[ 2747 (0" = T") +14( 11, " Y+ 41, 0"V 0 Ju'+

+4u",, (00)0"-30"0")+2[ 448 & — (u,0') |0}, (4.9)
The expression (4.9) does not satisfy the condition (2.15); the reason is the same as above (see Sec.

IIT): we have not taken into account non-radiation parts of the field. If one assumes that Abraham-
Lorentz force associated with non-radiation part of the EMF gives the term

ot =~ 2/ 18) "1, 6"+ (115) 16" +
+(1/105)[ 6(p,, ") +1947 0" |, (4.10)
then the force £}, , +F};, . Will satisfy the condition (2.15).
Finally, the expression for the RR force in the case under consideration can be presented as
FAi[ = FAf[Raa’. + FﬁflnonRad. =

=(1/105) {[4 1" 1, (0,0"=30°5] ) + 14" o, — [ Vs, + 51 (271 0"+ 4, 0') )~

20 (S0,4"u,, + 6y2wk)} & +u'o*(4(p, 0" + 27;&&)}. (4.11)
The components of this force in proper frame are:
F = F)|
Fy"=0, F;"=(1/105)[10a(-3m*(@a’) +(am)(a'im))-
~2a/(5(am )’ -26a’’) + 2 (5(am)(aa’)-a*(am)) . (4.12)

V. RR FORCE ACTING ON THE CHARGED POINT PARTICLE WITH A MAGNETIC
MOMENT

Let us consider now the general case - a particle having an electric charge e and a magnetic
moment 7 (in proper frame); correspondent fields are

E(t,X)=E, (t,%)+E,, (1,%), (5.1)
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H(t,%)=H (t,%)+H,, (t,%). (5.2)
Radiation part of these fields in proper frame, similarly to (2.6), satisfy relations
B —mpR, (B Ao, 53)
The density of energy is
(Epoa” + Hyog )/ 87 =

= @) (Bl + HI + B+ H i+ 2B Bl )+ 2{ B H s ) (54)
Let us calculate the energy which is flowing through the R radius sphere during time interval dz.

The integrals of the first two terms in the right hand side of (5.4) are given by (2.5), (4.3), (4.4); the
last two terms are equal to

() (B Bl )+ (Al Y, ) =e@ar?Y (7 )(F (@' a)>‘PF. (5.5)
Hence, the energy flux corresponding to (5.4) is:
Wit =d [ dp[" R sin0dO(ELL +HIE) | (87)=
= dr{(2¢'/3)a’ +(2e/3) (i (a'x a@)) +
+(2105)| 24*((a)+ 9a2ﬁ12)—7(<ﬁ'ﬁ1>2—2a'2ﬁ12ﬂ}‘ﬁ. (5.6)
The density of the field momentum can be presented as
@7) " (Egy xHpy) =
= () By x H Dy + (E g < H )+
By X H )4 (B i x H L ). (5.7)

In order to calculate the momentum flowing through the R radius sphere during time interval dz
one has to use (2.10) and (4.7) for integrals of the first two terms in (5.7); the last two terms in the
right hand side of (5.7) are equal to

(A7) (B Ly % Heyy + E iy < g ) = e (4R 7 (i )(F (@ %)) (5.8)
So, the momentum flux corresponding to (5.7) is:
dP,y =dr(2/105){a[(am) -3a’m’ | +
vsa[ 3m*(aa')~(a)(am)| + 2m [ (amy(aa’)-3a*(@m) )| (5.9)

According to the energy-momentum conservation law this means that the RR force acted on the
particle when correspondent fields were radiated (at the retarded time #'=¢—R) is:

Filf =(F P ==k, B (5.10)

Fpi=[-e’13)a’— (2e/3)((axa"))+

3

+(2/105)(7(@'m)y - 24" ) -3 ((@m)+3a* " )|

Elf =—(2 /105){5'[(5;71)2— 3a’in’+ Sa[3m’(a'a)—(am)(a'm)]+

PF

+2m[(am)(a'a)-3a*(a'm)]} (5.11)
Rewriting this force in covariant form one gets (see details in App. C):

Fro. =(2¢*/3)@"u’ +(2e/3)(u"f1, " '+
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+(1/105) {[3(9@4—7d)2)y2+14(y”m(£)m)2+ AU o, )0 Ju'-
25,4 u,, + 6150, |0"0' + 2[4 40"~ (u,0) |0 +
1, 0" =30’ 1"} . (5.12)

The expressions (5.12) does not satisfy the condition (2.15). Assuming that a recoil force
associated with non-radiation part of the fields £ and A contains the terms

F e = (26°13)00' = (2€/3) 1" o, + (1105){ T "' 141", &7 +[ 6 (1,400 Y 190" | &'},
one gets the RR force which satisfies the condition (2.15):
F'= Fléad +FriunRad. =
=" {(gik—uiuk)[(2/3)ezgk,1 +(9/35 p’w’g,, —(2/3)e,akn+(4/105)(,u,ma)’”)2gkn]+

+ (2/105)[(7ufy'"ka>k — 64" = Tji"™) t,,,— @1 (S0, p1,,,+ 641, a)n)+2y""ymkwka)n]}. (5.13)

So, based on (5.13), one can conclude that for a particle having nonzero magnetic moment the
radiation reaction force vanishes if &"=0. This is well-known “hyperbolic motion” problem [6].

Note, that the result obtained can be presented in some alternative form using identities (2.13),
(3.6) and (3.7).

In the co-moving system the expression (5.13) gets the following form (see App. E)
PF

im

+40" (o,u

FiPF:(FO,Fv) : (5.14)
FOPF: O,
F™ =(2e%/3)d +(2e/3)a’(a@x i) +
+ (1/105){ 2| 260> m” ~ 5(am)’ |+ 2| S(ar)(a'a) - a*(@) |+
+10a] (@) (@) -3m*(@a)]}| (5.15)

Example 1. Rectilinear motion. Lorentz transformations of (5.14) and (5.15) give (see details in
App. A; here we use the ordinary space-time units);

. (27 2m’ da 3a’v RN
F :(?‘i‘ 7c7 02}/6J[5+ c2 7/2J}/5-(;, Uj. (5.16)

Here and bellow & = 5/ v; a, v are projections on the direction of motion.

According to (5.16) the magnetic moment of a charged particle cannot be neglected when
summands in the first brackets are of the same order:

3m*a’y°®/1cte’ ~1, ay’~ cze/|nﬁ |
For electron it means that
7210100_1/3, 8, = ymecz - 1010g-1/3mecz.
Assuming that a ~(1-10%) ms™, one gets the estimation of correspondent energy as
&, =(10"-10") eV =(10" -10") TeV’.
Example 2. Uniform circular motion. The corresponding RR force (see App. F') is:

) 2 2 — 3 2 -2 4 4 3.5 n
Fl=—[2e . e|m| v’y | 52 vy juy (U Dj. (5.17)

3 3 ¢R 105 ¢*R* |°R*\ ¢’
Similarly to the previous example, one can estimate the energy when contribution of the magnetic
moment becomes essential. For electron, assuming that R =10’ m one gets:

7, =7-100 = &§~3-10"eV ~10 TeV.
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The estimation obtained indicates that RR force due to nonzero magnetic moment may be essential
just for next generation accelerators. Besides, the estimation indicates on a significance of this force
in some relativistic astrophysical object. Say, some authors [11 a, b] have shown that
electrons/positrons in Crab nebula have y, =10° -10°.

VI. CONCLUSIONS

Expression derived for RR force acting on magnetic moment having particle demonstrates that
this force increases rather fast as particle’s energy increases. Starting from some threshold, magnetic
RR force becomes stronger then electric one and we could expect that it would be taken into account
in next generation accelerators in order to choose optimal regime of acceleration. In our opinion, it
has to be taken into consideration also in developments of synchrotronic radiation from vicinity of
relativistic astrophysical objects (pulsars, magnetars, black holes), as well as in laboratory.

It seems interesting to compare obtained classical results with correspondent calculations, based
on quantum theory.

In our opinion, the results obtained may be important in order to reproduce characteristics of
cosmic rays having ultrahigh energies.
APPENDIX A4

Let us express u' and its derivatives by 3-vectors:
u' =y(L,0), o =du'/dr=i=y*((av),ay” +0(av)),
o' =(a",0"), &' =(a’+(av))y’ +4(av) y’
o=d'y’+(3d(av)+o(av)+va’ )y’ + 40(a >
It is obvious that
u'w,=0 = o +ue =0,
o' +u'e, =0, 3oo+ud =0, 4dwo+30"+u'®v =0,..
In proper frame one has:

u'" = (1,0), a)”’F=(o,d)|’°F, do'ldz|" =] =(a> @)

2|PF=—a)2, a’?l =(o'-a?), <*’ﬁ>|PF=—wka')k=—<a)a')>.

PF

2

a

APPENDIX B

In order to find derivatives of the tensor g, (3.2) one has to calculate previously derivatives of
d (u) and m(u)

+(1—7)y2{(4u-2—5)72<a ((2é<aé>—a)<ﬁaé>—é<*a>)+
v @ (o) -2(0)(a?6+6(@0))+6 (@) +2a(ma)] .

For d in the PF we obtain:

W

—_—
CH
Il
Ci
~
C

N —
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- |PF

-

d

- |PF

=

~PF_, - ~/PF _ —
=d xm, d| =a"" xm.

In order to obtain derivatives of 7(0) in PF one has to direct the Ox axis along the instantaneous
velocity 6(¢") and the Oy axis in the plane which contains o(¢) and d(¢'). In this case, obviously,

()" —hm{ <aé>(rh —<ﬁ16>5)+ 7(1;” [&<ﬁ11§>—2<&3><ﬁ1 J}:

= hml—(au +pa)=0

v—>0
(here ax =a(t'), B = ﬂ(t ) denote certain limited real functions).

Similarly,

Ch
ChH

)6 + ()

i, (0)| " = £i£l’(l)ﬁ;la(5)=[— a,(ma) a=1,2,3.

In order to obtain the last formula the obvious equality

-y 1

lim—7-=
v>0 P 2

PF 0 _;1'
= _/Lli = .
de™| A (),
ILl |PF_ 0 _E
! B C3><3

=ty @f=12% D=(a-alma)

was used.
In the PF one gets

PF
. |PF'_ d

Hit

PF

. B=(@xm)|”,  Cyy=(c,),

APPENDIX C

Some obvious equality:
| =(—1/2>u"“"um;

nﬁﬁ) —ﬂ’”"w 0+ (1/2) 0’
ma )| = (e, +112) e’ - (12 e
m“<*a'>|” [ 0 =1/ D’ J”
m“(ma)|" =[ p*"u,, 0" -1/ Dt 0" ] "

2

\/

3

o |PF oo
m“(a'xa)| =—u'i,o'u®,  a=1,2,3;

— — — —f PF - im - n .
<ma><ma>| =u,p1"u, @ +(1/2),u2<a)a)>.
Vice versa, one can express 4-dimensional relations using 3-vectors as follows:

b

w0, 0t = (0, ) =[ (hay —ia |

@, ot =", = —a*(axm) + (@ (ax))
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a')-(ma)(ma’)|";
w00 = (0, mlma)-an)|
o= (0, m{ma)-ant)|”
jimu, o =((may -m*a® mla*(ma) -(a *'><ma>]—a'[m2a —<M>2])PF
APPENDIX D

Let us consider a charged particle with a magnetic moment moving uniformly along
the circumference of a circle in a Lab frame. Suppose that the magnetic moment remains normal to
the plane of the circle. If one directs the Ox axis along the instantaneous velocity 0 (at the certain
time moment) then

a,=a,=0, a= ~0’/R, a/=da /dt=—0'IR’ a'=a =0,
and, according to App. A, we find:
w'=(0,0,-0’y*/R,0), &'= (0, -0’/R’ 0, 0).
According to (3.5), we have
m=(0, 0, |mi|y).
In the PF (according to Lorentz transformations) we get:
0'”=(0,0, —0°y*/R, 0), @'""=""/R* —V¥/R? 0, 0).
So, according to App. A, we obtain:
a"'=(0,-0y*IR,0), @"=(daldr)|" =(-0y"IR% 0, 0);
m™ =(0, 0, |m|).
According to (5.15) and (5.16) one has
Fr=(FF)|"; F=0, F™"=((2€%/3)a +(2e/3)a@x i) +(52/105)da* i’

PF

=
FiP = (0, ~(2¢%/3+ (2¢/3)|i |y *R ™+ (52/105)m’v"y 'R ), 0, 0)-037/4/R2.
The expression for the last force in the Lab frame one gets using Lorentz transformations:
P L (26234 Qes3) (|| IR) 7 (') ) + (521108) (2 Ry (v c*

==r' 5| oo | (26734 Qe3 (| /Ry (v e + )@@ [R?)y* (v*c*)).

c \c U

Here, as usual, ¢ =3-10° m/s.
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