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Abstract.  

Chobanyan-Pecherski condition is a sufficient condition for the affinity of the 
sum range of a series in a normed space. This condition is automatically fulfilled for 
the null-sequences in finite dimensional normed spaces. In this paper we describe 
some classes of null-sequences in an infinite dimensional normed space 

, satisfying the mentioned condition.  
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1. Introduction.  
Let  be a topological vector space and  be a series with terms in . The set of all 

permutations (bijections)  of a set , we denote by . For , 

 
 

denotes the rearranged series. 
Consider such  that  converges to  for some permutation . 

The set of all such elements is called the sum range (or the set of sums) of the series   and 
is denoted by . If   diverges for all  then  is an 
empty set. 

The famous Riemann’s rearrangement theorem says that the sum range of a conditionally 
convergent series of real numbers is the whole real axes. According to P. Levy [1] and E. Steinitz 
[2], in a finite dimensional normed space  is an affine subspace, i.e. a shifted 
subspace (by the convention an empty set is affine). The same holds in the metrizable locally 
convex nuclear spaces ([3, 4, 5, 6, 7]). 

This theorem fails in the infinite dimensional normed spaces. Additional condition on the 
series in -spaces for the affinity of  was first given by M. Kadets [8]. The result of 
Kadets was refined by Nikishin [9]. Later Chobanyan [10] found the condition for an abstract 
normed space, which implied all known results for the infinite dimensional normed spaces:  

 
 converges almost sure,                                                   (1.1) 

 
where  are the Rademacher functions. We denote by  the set of all 
sequences in a topological vector space  satisfying the condition (1.1). 

Final (in this context) condition for a normed space was obtained by Chobanyan [11] and 
independently by Pecherski [12].  
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We say that a sequence  in a topological vector space  satisfies the Chobanyan- 
Pecherski Condition, or CP-condition in brief, if for any , there exists a collection of 
signs   such that the series  converges.  

Note that the CP-condition is a sufficient condition for a series in locally bounded 
metrizable spaces [13] and in Frechet spaces [14] as well.  

Duality between the permutations and signs is established due to the Chobanyan’s 
celebrated Transference Theorem [11] (or Pecherski’s lemma in [12]): 

Theorem 1.1. (Chobanyan’s Transference Theorem ([11])). Let  be any 
finite collection of elements of a normed space  and let . Then there exists a 
permutation   such that  

                                 (1.2) 

where the minimum is taken over the collections of signs . In fact, 
permutation  in (1.2) is the one, which minimizes the left-hand side expression.  

In some references CP- condition is called as the -condition. Below, for the brevity, 
we denote by CP  the set of all sequences in  satisfying the CP-condition. Obviously 
we have , where  denotes the set of null-sequences of . For the -space (in 
particular for the normed space)  the following holds [15]: 

 
Converse inclusion is not valid even for the real numbers, where   and (1.1) 

is equivalent to . 
A sequence  in a topological vector space  is called sign-convergent, if the series 

 converges for some collection of signs . The set of all sign-
convergent sequences we denote by .  Obviously  

 
It’s easy to see that if  then .  

According to Dvoretzky, Hanani [16] and Barany, Grinberg [17] 

 
This celebrated theorem is often called as the “DH-theorem” (see e.g. [18]). Thus, the CP-
condition is automatically fulfilled for any null-sequence in a finite dimensional normed space. 
Moreover, due to [5] this holds true for the countable product of real lines -  

 
In [7] and [14] the validity of this statement for the general metrizable locally convex 

nuclear spaces is conjectured.  
For an infinite dimensional normed space, the algebraic structure of  and  is not 

well investigated. One can provide an example showing that  is not linear. Worthy to note 
Beck’s results [19, 20] describing some type of sequences in .  

Characterization of the Rademacher condition (1.1) in Banach spaces can be given in terms 
of a type and a cotype of the underlying space. We can say even more when  is a Banach 
sublattice of  with finite cotype (e.g.,  is  or a certain Orlicz space). In this case 
(see [21]) condition (1.1) is equivalent to the condition 
 

                                                         (1.3) 
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In contrast, we do not have “good” characterization of the -condition yet. The main aim 
of the paper is to give some specific examples of sequences  belonging to CP  
provided that the Rademacher condition (1.1) does not hold, i.e. .  

It should be noted that the CP-condition is not a necessary condition for the affinity of the 
sum range in the infinite dimensional normed spaces. Appropriate example is constructed in a 
Hilbert space [14]. Barany [22] suggests the method of construction of series with the affine sum 
range in the spaces , which seems to be independent of the Rademacher condition 
(1.1) and the CP-condition. For more details about the development of the topic the reader is 
advised to see [23, 24, 15]. 

 
 
2. CP-condition in the spaces . 

Let , the Banach space of -absolutely summing sequences of real 
numbers with the norm  

 
Let us construct a series in which satisfy the CP-condition but does not satisfy (1.1). Thus, 

we construct a sequence  

                                                      (2.1) 

with the following properties: 

,    

which, according to (1.3), in our case is equivalent to 

                                                   (2.2) 

the negation of condition (1.1), and 

.                                                       (2.3) 

Consider the set of all sequences of real numbers such that the corresponding series 
absolutely converges: 

 
For any given sequence , denote 

 
Obviously  for any . Moreover, the following lemma holds:  

Lemma 2.1. Let  and , be any sequence of sequences 
. Then for any permutation  and a collection of signs  

                                                        (2.4) 

                                                   (2.5) 

The proof follows from the domination inequality 
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Proposition 2.2. Let  and let . Fix some sequences 
.  Let further  and   be real numbers so that 

 

 
Consider the sequences , where 

 
Then the sequence ,  satisfies (2.1), (2.2) and (2.3). 

Proof. Clearly (2.1) and (2.2) hold. To prove (2.3), note first that due to the DH theorem, 
for some collection of signs  the series  converges in , where  are the 
appropriate projections. Besides, (2.5) implies that  

 
Thus, there exists a strictly increasing sequence of indices  so that  

 
This implies that for any  

 
Hence  

 
Consequently, the series  converges in  and as due to (2.5), conditions are invariant 
with respect to the permutations, (2.3) is proved. 

Remark 2.3. In the above construction one can take e.g. 

 
where  are real numbers with    

 Proposition 2.2 and Chobanyan-Pecherski theorem readily imply  
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Corollary 2.4. Let  be a sequence of the Proposition 2.2. Then  is an 
affine, closed subspace of .  
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