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Prime numbers are such beings
who are always inclined

hide from the explorer
Herman Wayl (1885-1955)

Abstract

This paper introduces one approach for a searching a prime number following the
given prime number. The essence of the proposed approach is as follows. A sequence of
two-element sets is constructed consisting of numbers enclosed between numbers that
are multiples of three. The first set of the sequence contains the given prime number.
Then the odd number of the next member of the introduced sequence is examined.
Criteria for determining whether an odd number is composite or not are proposed. If it
IS composite, we pass to the study of the odd number of the next member of the
sequence. If it is not composite, then it is the required prime number. The proposed
approach is theoretically substantiated. In particular, two propositions are proved and
algorithms for its implementation are elaborated.

Keywords: Prime number, Composite odd number, Sequence of two-element sets,
Algorithm, Indicator.

1. Introduction

As you know, a prime number is an integer that has exactly two distinct divisors. Despite the
elementary nature of their definition, these numbers introduced a number of problems, many of
which have not been resolved so far (see the epigraph to this article). Since the time of Euclid, the
problems of prime numbers have occupied the best mathematical minds. Suffice it to mention such
luminaries of mathematics who dealt with this topic, such as Euclid, Eratosthenes, Fermat, Gauss,
Euler and many others.

Currently, interest in this topic does not subside, in addition to purely theoretical, there is also great
practical interest. Primes are used in many fields, to mention for example the importance of primes
in networking, see e.g. [1,5]. Securing communication between two devices is achieved using
primes since primes are the hardest to decipher, see the same sources [1, 5].

Of particular interest to researchers are twin primes, which are to some extent related to our work,
see e.g. [2,3].

In the presented work, we set the task of finding the first prime prime number that follows a given
prime number.

The article contains 5 sections. This section includes several introductory sentences as well as a
general description of the proposed approach. The second section provides a detailed description of
the proposed approach including various options. It also includes a theoretical basis that justifies the
scheme for finding the next prime number. Two propositions are proved and algorithms are
elaborated for implementing the considered approach. The third section is devoted to the specific
numerical example illustrating the operation of the proposed approach. In Section 4 a brief
comparative analysis of the two works closest in terms of subject matter with our approach is
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carried out. Section 5 summarizes the main content of the article and outlines possible prospects for
applications of the proposed approach.

1.1 General description of the proposed approach

The essence of the proposed approach is as follows. Let a prime number p > 3 be given. It is easy to
find a natural number k such that

3k < p<3k+3. 1)

Pafnuty Chebyshev proved that between any natural numbers n and 2n there must be a prime
number. It follows that the search area for the prime number following p is limited by the interval

[p+2,2p—1]. We consider a sequence of intervals whose start and end values are multiples of
three and the first term of the sequence contains p and the last term contains 2p-1. The sequence
will look like this - [ 3k,3(k +1) |. Based on the already defined search area, the number of intervals

in the sequence will be finite. It is clear that within each interval of the sequence there will be two
numbers — one is even and the other is odd. Our goal is to find out whether an odd number is
composite or not. If it is not composite, it is a prime number and the process is complete. If it is
composite, then we pass to consideration of the next interval of our sequence.

2. The approach itself.

As mentioned above, we consider two numbers from each member of the sequence of intervals
[3k,3(k +1) ]. From this we obtain the following sequence of two-element sets:

{3k+3(s—-1)+1,3k+3(s—1)+2},s=12,.... ()

According to (1), the given prime number p belongs to the sequence (2) for s=1. For further
presentation we will use the following indicator:

©)

B 1, iff siseven
& |0, otherwise

So, the given prime number belongs to the set {3k +1,3k + 2}, s =1. Two cases are possible here.

l.p=3k+1.

Thus, p represents the first member of the set {3k +1,3k +2}. It is easy to see that the odd number

in the next set (s =2) will be 4 units greater than the odd number in the first set and will be the
second member of the second set with value p+4. The odd number in the next set (s =3) will be 2
units greater than the odd number in the second set and will be the first member of the third set with
value p+6.

In general, an odd number in the s-th set is expressed by the following iterative formula:
a=p aS:aS_l+2(1+I<S>), s=2,3,.... 4)

Here I, is determined by expression (3).

(s
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Based on the above reasoning and expression (4) in the set{3k +4 = p+3,3k +5= p+4},(s=2), p+4
will be odd. The odd number p+4 is composite if and only if when

p+4 = (2n +1)(2m +1) =4mn + 2(m+n) +1, mn= 1.2,... . 5)
Then the even number p+3 = 4mn + 2(m+n), i.e.
2mn + m+n = (p+3)/2. (6)
This implies
m=(p+3)/2—n | @)
2n+1

Since m is a natural number, the inequality (p+3)/2-n>2n+1 must hold, hence

a<(Pt3)/2-1 8)

The proposed approach provides for the identification of all possible pairs (n, m) with the help of
which it turns out whether 3k + 5 is composite or not. Based on formula (7), we introduce the
function

_(p+3)/2-n,

(n) T =i =12, ©)

Obviously, the range of n is extremely important for our study. The inequality (8) gives the upper
bound of that range, however, there is a possibility of a significant reduction of that range.

Proposition 1. When calculating pairs (n, m), it suffices to restrict ourselves to only those n for
which
+4-1
nS_BTT__ (10)

Proof:
Let us rewrite equality (5) as follows.
(p+3)+1=(2n+1)(2m+1), mn= 1.2,.... (11)

It is clear that this equality is equivalent to equality (6) and, under its conditions, formula (7) is
valid again. We want to show that it suffices to consider those values of n that are defined by
inequality (10) or, which is the same, .

2n+1</p+4. (12)

If for some n satisfying (12) we find an integer m, then from (11) it follows that the odd number p +
4 is composite and we proceed to consider the next set of the sequence (2).

Now suppose that for all n satisfying inequality (12), all corresponding values of m will be
fractional. Let us show that for any n satisfying the inequality

2n+1>./p+4, (13)

the corresponding values of m will also be fractional. Assume the opposite, that is, there is n, which
has corresponding integer m (calculated by formula (7)) . So we have found natural numbers n and
m that satisfy equality (6). It is clear that if a pair (n, m) satisfies equality (6), then the pair (m, n)
also satisfies that equality. From formula (7) we easily obtain
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me % (14)
+

From (11) and (13) it follows that

2m+1<./p+4. (15)

But it is known that for such m all n are fractional and the pair (m, n) cannot satisfy equality (6). We
got a contradiction. [

Given in (10), the new upper limit of the range of values n is much less than ((p+3)/2-1) / 3 for
large p and the inequality

,/p+4—1< (p+3)/2-1
2 3
takes place when p > 5.

Algorithm 1
Here and further on, symbol [ ] denotes an integer part of a number. According to inequality (10)

o1

Using formula (9), we fill in the following table

Tablel
n; m(n;)
1 m(1)
2 m(2)

EERIEEER

If m(i) is a fraction, we proceed to the calculation of m(i+1). If no m(i) takes an integer value, then
equality (6) is not satisfied and p+4 is the prime number following the given p. This is where the
process ends. If an integer m(i) is encountered, then it becomes clear that the pair (nij,m(i)) will
satisfy equality (6), which confirms that p + 4 is a composite number and, using formula (4), we
proceed to consider the next set of sequence (2).

Il p=3k+2.

Thus, p represents the second member of the set {3k +1,3k +2}. It is easy to see that the odd

number in the next set (s =2) will be 2 units greater than the odd number in the first set and will be
the first member of the second set with value p+2. The odd number in the next set (s =3) will be 4
units greater than the odd number in the second set and will be the second member of the third set
with value p+6.

In general, an odd number in the s-th set is expressed by the following iterative formula:
b, = p, b, =b,,+2(2-1,), s=2,3.... (16)
Here Ly, is determined by expression (3).

Based on the above reasoning and expression (16) in the set {3k +4=p+2,3k+5=p+ 3} ,(s=2),
p+2 will be odd. The odd number p+2 is composite if and only if when

p+2=(2n +1)(2m +1) =4mn + 2(m+n) +1, mn= 1.2,... . (17)
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Then the even number p+3 = 4mn + 2(m+n)+2, i.e.

(p+3)/2=2mn + m+n+1. (18)
This implies
+3)/2-n-1
:(p 2)n +1 ' 39)

Since m is a natural number, the inequality (p+3)/2-n—-1>2n+1 must hold, hence

(p+3)/2-2

n< (20)

As in the previous case, we should identify all possible pairs (n, m) with the help of which it turns
out whether 3k + 4 is composite or not. Based on formula (19), we introduce the function

m(ni):(p+3)/2_n‘_1

2n, +1
Obviously, the range of n is extremely important for our study. The inequality (20) gives the upper
bound of that range, however, there is a possibility of a significant reduction of that range.

no=i, i=12,.... (21)

Proposition 2. When calculating pairs (n, m), it suffices to restrict ourselves to only those n for
which

2-1
neMPTeTo 22)
The proof of this Proposition is similar to the proof of Proposition 1.

Given in (22), the new upper limit of the range of values n is much less than ((p+3)/2-2) / 3 for
large p and the inequality

«/p+2—1<(p+3)/2—2

2 3

takes place when p > 7.

Algorithm 2

According to inequality (22) i=1,[(«/p+2—1)/2} . Using formula (21), we fill in the following
table

Table 2
N m(n;)
1 m(1)
2 m(2)

[(Voz-3)/2] | m[(Jo+2-3)2]

If m(i) is a fraction, we proceed to the calculation of m(i+1). If no m(i) takes an integer value, then
equality (18) is not satisfied and p+2 is the prime number following the given p. This is where the

19



GESJ: Computer Science and Telecommunications 2023|No.1(63)

ISSN 1512-1232

process ends. If an integer m(i) is encountered, then it becomes clear that the pair (nj,m(i)) will
satisfy equality (18), which confirms that p + 2 is a composite number and, using formula (16), we
proceed to consider the next set of sequence (2).

3. Example

Let a prime number 941 be given. It is easy to determine its place in the sequence (2):
{3k +3(s-1)+1,3k +3(s—1)+ 2}, s=1,2,... Heres=1and k=313. Hence 941 is located in the set

{940, 941}. So we are dealing with the second case discussed above: I1. p = 3k +2.

Calculate the odd number in the next set of sequence (2) using formula (16):

b, =941+2(2-1,,) =943, s=2.
Here I is determined by expression (3). It is obvious that 943 € {943, 944} .

The number 943 will be composite if and only if when
943 = (2n +1)(2m +1) =4mn + 2(m+n) +1, mn= 12,... . (23)

Then the even number 944 = 4mn + 2(m+n)+2, i.e.
472=2mn + m+n+1.

This implies
— 471-n (24)
2n+1
By Proposition 2
neyPr2-l 43Sl g, (25)

2 2

Now we should identify all possible pairs (n, m) with the help of which it turns out whether 943 is
composite or not. Based on formula (24), we introduce the function
471-n. : —

(n)= oy e i=114. (26)

According to Algorithm 2 and using formula (26), we fill in the following table

Table 3

m(n;)
470/3
469/5
468/7
467/9
466/11
465/13
464/15
463/17
462/19
461/21
460/23=20

e =
RBlolo|Njolu|hw (NS
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We found a pair of integers (n=11, m=20). It means that this pair satisfies equality (24), which
confirms that 943 is a composite number. According to Algorithm 2, with the help of formula (16),
we pass to the next set of sequence (2): {946, 947} .

The number 947 will be composite if and only if when
947 = (2n +1)(2m +1) =4mn + 2(m+n) +1, mn= 172,... . (27)

Then the even number 948 = 4mn + 2(m+n)+2, i.e.
474=2mn + m+n+1.

This implies
m= 473—-n (28)
2n+1
By Proposition 2
nsz22_1=“9427_1:>n314 (29)

Now we should identify all possible pairs (n, m) with the help of which it turns out whether 947 is
composite or not. Based on formula (28), we introduce the function

473 —n, Y
m(n,)= o h=hi=114 (30)

According to Algorithm 2 and using formula (30), we fill in the following table

Table 4

m(n;)
472/3
471/5
47017
469/9
468/11
467/13
466/15
465/17
464/19
463/21
462/23
461/25
460/27
459/29

O o N|og b W NFRSD

[EEY
o

[RY
[

[
N

—_
w

—
S

As follows from the table, all values of m turned out to be fractional. Hence for any pair (n,m)
equality (27) is not satisfied and 947 is a prime number.

Thus, the next prime number after the given 941 will be 947.
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4. Two related works

In work [4] a method for finding a prime number that is the successor of a given prime number P; is
given. Without going into detailed description of the method, we will focus on its general scheme.
The author introduces the concept of a potential divisor D of P; with a range from 2 to (P; -1)/2. For
each such divisor, the slack S is determined (a slack variable is a variable that is added to an
inequality constraint to transform it into an equality). Then, by processing the list of slacks, the
parameter E is determined. And, finally, the author derives the final formula for determining the
prime number following the given prime number: Pi;; = P; + E.

To compare this method with our approach, consider the example given in section 3. The prime
number 941 is given. It is required to find the next prime number. Using our approach, 12
computational operations were spent: one to determine the number 943 and its location in a
sequence of two-element sets and 11 to determine the fact that the number 943 is composite.
Further, 15 computational operations were spent: one to determine the number 947 and its location
in the sequence of two-element sets and 14 - to determine the fact that the number 947 is prime. In
total, 12+15=27 computational operations were required.

As noted above, the first stage of the method in [4] is the determination of potential divisors in the
amount of (943 -1)/2 -2+1=470 . For each of these potential divisors, a slack is calculated, and after
processing the list of slacks, the parameter E is determined, by adding which to the given prime
number the required prime number is obtained. Thus, the minimum number of computational
operations for the example under consideration is much more than 470. Thus, the our approach is
much more efficient than the method considered in [4].

In [5] a new formula that computes the next prime for any given number is proposed. Author intro
duces the function nextp(n) finds the first prime number that is greater than a given number n:

n o n+i

nextp(n)=n+>_ [T (1-S(x)).

i=1 x=n+1

Consider how the authors define S(x):
«Every prime is of the form 6k =1 where k an integer... Let x be a real number, the floor of X,
denoted by | x | is the largest integer that is less or equal to x.

S, (x) +S,(x)

S(x) = 5

where

N
Sl(x)z\/(;—l) L H6k+1J_6k+1J’
L JJ+l

6
S(x)=iwl H : J_ : J
’ H;J = |l6k-1] 6k-1
5 +1

Without going into details of calculating S(x), let us see how this formula will look like for the
example considered in section 3 n = 941.:
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941 941+i

nextp(941) =941+ > T (1-S(x)).

i=1 x=942

Considering that the expression for calculating S(x) is rather complicated, it is obvious that the
number of operations required to determine nextp(941) is dramatically more than 941. Recall that
using our approach, it took 27 computational operations to find the next prime number after 941.
This means that the our approach is much more efficient than the method considered in [5].

5. Conclusion

The presented paper proposes an approach for finding a prime number following the given prime
number.

The main results of the presented work are given below:

e Formalisms have been developed to determine in which two-place set the next odd number
is located and what ordinal place it occupies.+
e A theoretical basis for finding the next prime is developed, in particular, two Propositions
are proved.
e Two Algorithms for implementing the considered approach are elaborated.
e A detailed example is given that clearly illustrates the step-by-step operation of the proposed
approach.
A further development of this direction may be the creation of a method for determining a prime
number preceding the given prime number. This will allow us to create a p-neighborhood for any
given prime number p>3, which can be useful, e.g., in the field of cryptography and cybersecurity.
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