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ABSTRACT. The present investigation reports, that modified
hyperspherical  function  method permits  us  to  advance  compa-
ratively  simple  and nonmodel representation of  the solution of
three particles  problem in 2D space for  inverse square of  pair
interaction. This becomes possible due to the correlation function
along  with  the  effective  potential  there  appears  r-1 potential7
leading the ground-state energy to the finite quantity. In a first
approximation the problem is decided analytically.

Numerous  physical  phenomena  may  be  described  by  singular
potentials [1]. Inverse square potential is more interesting, especially
in  polymers [2], and in the interaction between Rydberg atom and
polar molecule [3]. The problem of three particles by pair interaction

of 2
g
r

 type in 1D space in a field harmonic oscillator has been worked

out analytically [4].  The problem of three particles for pair inverse
square interaction in 3D space has been studied [5], the same system
in 2D space is considered in the present paper.  

Schrodinger equation in a system of center  of masses for three
nonidentical  and  non  relativistic  particles  in  hyperspherical
coordinates  in  2D  space  are  defined  in  [6].  When  we  solve
Schrodinger equation we get coupled differential equations system for
hyperradial  function.  We  consider  only  one  equation  from  this
system, when K = K’ (K is hypermoment of  the particles). As a result
the following equation have been gotten:
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where:  
  * 2

K K KJ ( ) ( )(cos ) d                                  (2)

and 2 2 E    ; ( )   is eigenfunction of  the generalized angular-
momentum  operator  which analytical form is known [6], 

     K ( )  =Co
1,1 2
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where:  
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denotes  five  angles,    and    are  defined  by  the

expression:  2 2 2x y ;    x and   yr r
 are  the  Jacoby  coordinates;

x | cos ;  
r
|   | y | sin ;  

r
 ( 0 ;     0 <  <

2
). E 0 is a binding

energy  for three  particles;   is a reduced  mass. The integral  (2) can
be calculated analytically [6] and it is equal to
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Simple  analysis  shows  that  under  these  conditions  the  ground
state energy has infinitely large negative value and therefore there is
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nosense to  solve it.  To avoid this  we use modified  hyperspherical
function method (MHFM) [7].

The main idea of the MHFM is that wave function   represents
the  product  of  two  functions,  where  the  first  is  the  main
hyperspherical  function and the second is  the  correlation  function-

exp(f )  ,  defined  by singularity  and clustering  properties  of  the
wave function and it is equal to,   

3
i i

i 1
f r


   ,                                               (5)

where  
ir  is  a  distance between the  particles  and   i

 is  determined

according to physical considerations. 
Taking into account the relation  between three different sets of

Jacobi coordinates [8], the expression (5) can be presented as: 

      
3

i i 1 2
i 1

z (G cos G sin ),

                               (5’)

where:
1 1 2 23 31 3 31G cos( ) cos ;         

2 2 23 31 3 31G sin( ) sin        .

If  we  substitute  expression  (5’)  into  (1),  and  carry  out  some
transformations, hyperradial differential  equation is obtained but we
consider only one equation when K = K’: 

2
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156



Georgian Electronic Scientific Journals: Physics #1(38-2)-2003

where:

2 1 2
21 6

W (G G ) ;
8

               2 2
6 1 2W G G   ; 

 3 2 1 2W W 21 6 0,25G G   
Taking into account the asymptotic behavior of the equation (6),

let us seek a solution as the following:

      exp( )           (7)
where: 

o1 9 2mJ     ;  2 2
2 6 2W 4 W W

4

     
     

Substituting expression (7) into equation (6), then for      we
obtain the equation of hypergeometrical  function:

            

     
2

2 3
2

2

3W W 3
r r 2 3 r 0

r 2 Wr

                  
,       (8)

where:  2r 2 W    .
If  we take  into  account  that  three  body system is  binded then

solution of the (8) equation is represented as the following type of
hypergeometrical function: 
                                                          

  1C F(a,b, r)                                         (9)

 where:  b 2 3;         
 2 3

2

3W W 3
a N

2 W
   

  
 

;    N 1,2....
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For binding energy we received:

22
22 3 2

N 2 6
12W 4W W (3 2 2N)E W 4W

8 3 2 2N

                  

h      (10)

The dependence of binding energy of three body system on the
global  quantum  number  N  obtained  as  a  solution  results  in  the
expression (10) that is given in the Table.

Table. Dependence of the binding energy of the three body system in
2D space upon the global quantum number N

Global quantum
number  N

Binding energy  
-E (a.u.)

1 0.114174
2 0.074499
3 0.005834
4 0.001928
5 0.001256
6 0.001143

(In  these  results  we  assume  that  correlation  parameters  and
interaction  constant  are  the  same  for  all  particles.  Their  variation
doesn’t give any qualitatively new results).

Thus  MHFM permits  us  to  advance  comparatively  simple  and
nonmodel representation of  the solution of three particles problem in
2D space for inverse square of pair interaction. This is possible due to
the correlation function together with effective potential appears to be
1
r
 potential7 leading the ground-state energy to finite quantity. In a

first approximation the problem is decided analytically.
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À. ËÏÌÉÞÄ, Û. ßÉÊËÀÖÒÉ

ÌÏlÉ×ÉÝÉhÄÁÖËÉ äÉÐÄhc×ÄhÖËÉ ×ÖÍØÝÉÄÁÉc ÌÄÈÏlÉ ÓÀÌ
ÍÀßÉËÀÊÉÀÍÉ ÓÉÓÔÄÌÉÓÀÈÅÉÓ 2D ÓÉÅÒÝÄÛÉ ÍÀßÉËÀÊÄÁÓ ÛÏÒÉÓ

ÉÍÅÄÒÓÉÖË-äÀhÌÏÍÉÖËÉ ÐÏÔÄÍÝÉÀËÉÓÀÈÅÉÓ
 

ÌÏlÉ×ÉÝÉhÄÁÖËÉ äÉÐÄhc×ÄÒÖËÉ ×ÖÍØÝÉÄÁÉc  ÌÄÈÏlÉ
ÛÄcÀ'ËÄÁËÏÁÀc  É'ËÄÅÀ ÀhÀÌÏlÄËÖh  ßÀhÌÏlÂÄÍÉÈ ÛÄlÀhÄÁÉÈ
ÀlÅÉËÀl  ÂÀlÀßÚÃÄÓ cÀÌÍÀßÉËÀÊÉÀÍÉ ÐhÏÁËÄÌÀ  2D  ÓÉÅÒÝÄÛÉ
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ÉÍÅÄÒÓÉÖË-äÀhÌÏÍÉÖËÉ ß.ÅÉËÖhÉ ÖhÈÉÄÈØÌÄlÄÁÉcÀc,  ÒÀÝ
ÛÄÓÀÞËÄÁÄËÉ  ÂÀáÃÀ  ÉÌÉÓ  ÂÀÌÏ,  ÒÏÌ  ÊÏÒÄËÀÝÉÉÓ
ÂÀÈÅÀËÉÓßÉÍÄÁÉÓÀÓ Ä×ÄØÔÖh  ÐÏÔÄÍÝÉÀËÈÀÍ ÄhÈÀl  r-1 cÀáÉc
ÐÏÔÄÍÝÉÀËÉ ÂÀÜÍÃÀ, hÀÝ ÉßÅÄÅÓ 'ÉhÉÈÀlÉ ÌlÂÏÌÀhÄÏÁÉc ÄÍÄhÂÉÉc
cÀchÖËÏÁÀÓ.
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